Parall el Tree Codes

| nt roducti on

During the past decade, N-body tree codes have been applied
successfully to various problens in gal axy dynam cs, gal axy formation
and cosnol ogi cal structure formation. Although the nunber of distinct

particle-pairs in an N particle systemis proportional to N® for

large N so that direct nmethods scale as O(N?), the conputing tine for
N-body tree code inplenentations only scales as O(N/ogN). This neans
they provide a relatively fast way to solve the general collisionless

N- body problem At this point in time, however, tree code sinulations
runni ng on fast workstations and vector superconputers have been

restricted to N<10° because of nmenory and tine |imtations.

It is very inportant to increase the size and speed of the

sinmul ations since the discreteness of N-body systens can lead to
fal se rel axati on and heating of collisionless systens |ike gal axi es
on short tinescales and mask real dynami cal effects. In addition,
fine scale features |ike shells and tails which devel op in when

gal axi es interact only becone apparent in sinulations when N is

| ar ge.

Al so during the past decade, there has been a paradigmshift in
superconputing with the novenent from single vector (special coding)
machi nes to the new nmassively parallel machines and clusters.

Parall el conputers or clusters are collections of independent snaller
processors interconnected with an internal high speed comruni cations
networ k. The Appl eSeed cluster that exists in the basenent of DuPont
during the summer nonths is an exanple (12-16 nodes on a 100-negabit
et her net backbone using MPI-Pooch software from UCLA/ Dauger
Research). In a parallel cluster, each processor operates

i ndependent |y but comruni cation software all ows nessages contai ni ng
data to be exchanged rapidly with other processors. In principle, a
probl em can be partitioned anong the N processors and a maxi num
N-fold increase in conputational speed can be realized. In practice,
however, the speed up is smaller because of the extra tine needed for
exchangi ng data i n nessage-passing al gorithns.

Paral l el machines or clusters offer a newroute to very fast
conputation only if algorithns can be redesigned to conformto the
nmessage- passi ng paradi gm and conmuni cati on can be mnim zed. These
new al gorithnms are very different fromtheir sequential counterparts
and generally require a considerable effort to redesign. The key to a
successful algorithmis good | oad bal ance, i.e., where both data and
conput ational work are distributed evenly anong the processors.

A comon way of achieving | oad bal ance on parallel nachines or
clusters is through domai n deconposition. The physical domain of the
problemis partitioned into smaller subdomai ns and t he physi cal
quantities of these subdonmai ns such as val ues of density, pressure
and tenperature at grid elenents in a fluid code or collections of
particles and their attributes in an N-body code are assigned to each
processor. The nost inportant part to designing a parallel algorithm
is finding a way of partitioning the domain so that data and work are
evenly distributed (load bal ance) and communi cation is m nim zed.
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In this research, we will be investigating several different parall el
tree algorithnms with the goal of producing a nore robust and stable

i npl enentati on and devel opi ng a good starting point for other
paral |l el al gorithm devel opment in N-body dynam cs.

Tree Codes

The N-body probleminvol ves advancing the trajectories of N
particles according to their tine evolving nutual gravitationa
field. In the sinplest algorithm the force on each particle is
determ ned by direct sunmmation of the contributions fromthe other
N-1 particles. In a discrete tine integration, the forces at each
tinmestep are then used to advance the particles along their
trajectories according to a nunerical schenes such as the | eapfrog
met hod (Eul er-Croner). Conputational costs of direct summation scal e

as O(N?), mmking the al gorithm expensive. In collisionless systens

i ke gal axi es, however, a sinulation can tolerate snmall errors in the
force for inproved performance by using techni ques which approxi mate
the gravitational field. Tree codes are one class of methods which
acconplish this and have the advantage of scaling only as O(N/fogN) in
conput ati onal cost.

The essence of a tree code is the recognition that the gravitational
potential of a distant group of particles can be well-approxi mated by
a loworder nultipole expansion. In a tree code, a set of particles
is arranged in a hierarchical systemof groups that formof a tree
structure. The entire set is subdivided into several groups and each
of these groups is broken down in succession within the hierarchy
until groups contain at nost 1 particle. There are many different

nmet hods avail able for efficiently grouping particles hierarchically
in this way.

The eval uation of the potential at a point reduces to a descent
through the tree. One sets a mninmumdi stance a point can be froma
group to use a nultipole expansion. If the point is sufficiently
distant froma group, the nultipole expansion is used to find the
potential fromthat group (nuch faster than direct sunmation

met hods), while if the point is too close to the group, each of its
child subgroups are exam ned. The procedure continues until al
groups are broken down as far as they need be. Sone particle that are
close to the point will be groups by thensel ves and for those we
still use direct summation. This et, however, will be very small in
nunber .

The Bar nes-Hut Tree Code

The Barnes-Hut al gorithm works by grouping particles using a

hi erarchy of cubes arranged in an oct-tree structure, i.e., each node
in the tree has 8 siblings. The systemis first surrounded by a
singl e cube or cell enconpassing all the particles. This main cell is

subdi vided into 8 subcells, each containing their own subset of the
particles. The tree structure continues down in scale until cells
contain only 1 particle. For each cell or node in the tree, we
calculate the total mass, center of nass and higher order nultipole
monments (typically only up to quadrupole order). This tree structure
can be built very rapidly (only takes a few percent of the total tine
per step) making it feasible to rebuild it at each tine step

Page 2



The force on a particle in the systemcan be eval uated by "wal ki ng"

down the tree |evel by |evel beginning with he top cell. At each
level, a cell is added to an interaction list if the cell is distant
enough for a force evaluation. If the cell is too close, it is

"opened” and the 8 subcells are either used for force evaluation or
opened further. The wal k ends when all cells which pass the opening
test and any remaining single particles are acquired. The accunul at ed
list of interacting cells and particles is then |ooped through to
calculate the force on the given particle and this anobunts to the
bul k of the conputation. In this way, the nunber of interactions
conputed is significantly snmaller than a direct N-body nethod.
Typically, there are only ~1000 i nteractions per particle on average

ina sinmlation with 10° particles making the algorithmsignificantly
faster than the direct summati on nethod.

Cel | -Opening Criterion

A cell-opening criterion is used to determ nine whether a cell is
sufficiently distant for a force evaluation via nultipoles. The
sinplest criterion is based on an opening angle paraneter 6. W
consider the cell shown in the figure bel ow

I

CM

Geonetry of the Barnes cell-opening criterion used in the parallel tree code

where GC = geonetric center of the cell and CM = center of nmass of
the cell. If the size of the cell is | and the distance of the
particle fromthe cell center of mass is d, the algorithmaccepts the
cell for a force evaluation if

|
d>»5 (01)

Smal l er values of 6 lead to nore cell openings and nore accurate
forces. Typically, 6=1 gives accelerations with errors around 1%

It turns out, however, that this criterion for calculating the
potential causes gross errors in some pathol ogical cases in which the

CMis near the edge of the cell. A slightly different criterion
(determ ned by trial and error) for cell opening

[
d>—+6 02
>0+ (02)
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where 6 is the distance between the CM and the GC circunvents this
difficulty. This criterion guarantees that if the CMis near a cel
edge, only positions renoved by an extra 6 use the cell for a force
evaluation, while if the CMis near the cell center it reverts to the
old criterion.

G oupi ng

These tree wal ks nean a sizable overhead in conputation since the

cell opening criterion nust be conputed nmany tines for each particle.
A slightly different strategy reduces the nunber of tree walks for a
net gain in conputing speed. The strategy is to find all cells in the

tree which contain less than N,(~32) particles. The tree wal k

proceeds as before but instead of defining d as the particle distance
froma target cell's CM d is defined as the di stance between the
near est edge of the cube enconpassing the group to the target's CM
The accunul ated interaction list is then used for all the particles
in a given group and the forces are guaranteed to be at |east as
accurate as those of an individual particle at the edge of the
group's cube. This leads, in practice, to a considerabl e speedup for
fi xed force accuracy.

Non- Recur si ve Tree Wl ks

When tree structures are part of an algorithm it m ght seem natural
to programfunctions recursively. Unfortunately, there is a | arge
overhead fromany recursive calls. The tree walk is called many tines
at each tinme step and so it is best to elimnate any recursion in
this function. Non-recursive tree wal ks can be acconplished by
arranging the tree nodes in a linked list. Each node is set up to
contain a pointer to its first child and adjacent sibling. If a node
is the last child in a level, its sibling pointer is assigned to its
parent's sibling. Thus, a node which contains 1 particle will have
only one adjacent sibling and no children.

The nodes are resorted as follows (see figure below). The first node

4 5 7 g 11 12 14 15

I deal i zed binary tree show ng the order of nodes for a non-recursive tree wal k.
Cel | nodes are labelled with C and particle nodes with P. The index of the node
inthe list is also shown.

inthe list is set to the root cell containing all of the particles.
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The descent of the tree always proceeds to the current node's first
child which is then added to the list. If the node contains only one
particle the wal k proceeds to the node's sibling which is then added
to the list. Once the nodes are sorted this way, a tree walk for a
force calculation then reduces to a scanning of the list. If a cel
must be opened, one sinply exam nes the next node in this |ist which
is guaranteed to be the first child cell at the next level of the
hierarchy. If a cell can be used, the walk to the sibling is sinply a
junp down the list to the appropriate cell |abelled by the sibling
poi nter. The other main advantage of resorting the tree nodes this
way is that it beconmes easy to prune and graft trees onto existing
structures which will be essential for the parallelization of the
code.

This tree algorithmneeds to be inplenented on each processor in the
paral l el cluster. Each node |level code is optimzed using grouping
and non-recursive tree wal ks which inprove the tree code's

ef ficiency.

Paral |l el Tree Codes

The path to parallelization of the BH algorithmis not obvious since
t he i nhonbgeneous distribution of particles in the oct-tree structure
does not imediately lend itself to a sinple deconposition with | oad
bal ance. The main difficulty is that both the particles and the tree
structure nmust sonehow be distributed in a balanced way anong nmany

i ndependent processors. The is especially true on a | oose network of
wor kst ati ons each of which have relatively small anounts of nenory
(I'i ke our Appl eSeed cluster).

One possible parallelization of the tree code, which retains nost of
the features of the original tree code on the |level of individual
processors but introduces a new algorithmfor distributing the
particles and tree structure anong the processors, is orthogonal
recursive bisection.

Ot hogonal Recursive Bisection

In the N-body problem the systemof particles is enclosed by a
rectangul ar box for isolated systens |ike individual gal axies or an
exact cube in cosnol ogical systens with periodic boundaries. W now
di scuss a parallel algorithmfor deconposing this volune into

rect angul ar sub-vol unes using the nethod of orthogonal recursive

bi section (ORB).

In this technique, a volune is represented as a hierarchy of

rect angul ar boxes sonewhat |ike the BH tree. The nmain volune is first
cut along an arbitrary dinension at an arbitrary position. For a

bal anced tree, the position is chosen so there are equal nunbers of
particles on each side of the cut. The resulting two volunes are cut
again along the sane or a different dinension again at an arbitrary
position. The slicing of each subvol une continues for as many |evels
as required. The resulting process can be represented by a binary
tree structure since each node points to two children. An ORB tree of

n levels therefore results in 2" subvol unes.

At each level in the construction of the ORB tree, we have the
freedomto choose both the dinension and the position of the vol une
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subdi vi sion. For exanple, if the initial volune is a cube, one can
construct an ORB tree anal ogue of the BH tree by cycling through the
3 dinmensions and cutting only through the geonetric center of each
subvol unme. Wth | oad bal ance in mnd, however, we wi sh to position
our slice of the subvolune so that there are equal anounts of
conput ati onal work on each side of the slice. This trick will achieve
| oad bal ance. W keep track of the conmputational work for an N-body
simulation by sinply sunm ng up the nunber of cell-particle
interactions, the main sink of conmputing tine. In this way, once the
particles in each subvolune are assigned to a processor, the

cal cul ation of the accel eration should be | oad balanced. Initially,

t he amount of conputational work is unknown so it is assuned to be
the sane for each particle. The first step is therefore sonmewhat | oad
i mbal anced but successive steps becone nore bal anced.

The choi ce of dinmension for cutting the subvolunmes in the ORB tree
construction is generally arbitrary but it is best to select the

| ongest dinmension for slicing. The tree code uses a nultipole
expansi on to quadrupol e order so we desire rectangul ar domai ns that
are as "spherical" as possible so that higher order nultipol es
contributions are negligible.

Li nki ng the Trees

After the deconposition, a BHtree is constructed locally in each
processor using the particles contained within its independent

subvol unme. After constructing local trees, we would ideally link them
together to formthe full tree describing the entire system The top

| evels of the tree are sinply the | oad bal anced ORB tree structure
created by the domain deconposition, while the processors contain the
BH trees (see figure bel ow

Leve ORB Processor Tree

processors — | 000 [_] [100]

| BarnesHut Trees |

(101) (119

The hybrid tree describing the hierarchical grouping of the particles used for
the tree walk. The top levels of the tree are the binary structure formed by
the ORB domai n deconposition. The BH trees built in each processor are grafted
to the leaves of this tree to formthe hybrid. Each processor contains only a
pruned version of the other processor's BH trees.
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If a copy of this conplete tree structure were avail able to each
processor, they could proceed independently to evaluate forces on
their particles. Unfortunately, the anount of nenory required for a
full copy of the tree at each node is prohibitive.

The problemis solved by introducing the idea of a locally essentia
tree. Each processor does not require an entire copy of the tree.
Rather, only a significantly smaller subset of nodes is necessary
since the BH trees in distant vol unes need only be opened to a | esser
degree for all the particles in a given processor domain. The opening
criterion can be applied to the entire group of particles in a
processor by calculating the distance to the nearest edge of a
processor volune in the same way as in the grouping schene used to

i nprove the efficiency of the force evaluations. Therefore, a
processor only needs to inport significantly pruned trees from

di stant processors which it can graft onto its existing structure to
create the locally essential tree. The pruned tree of the entire
system contains all the nodes required to calculate the forces to the
required tol erance specified by the opening angle criterion.

The locally essential trees are constructed in the follow ng manner.

After building the |ocal BHtree, each processor inports the root
nodes of the trees fromall the other processors. A local binary tree
is built fromthe base up in each processor using the inported root
nodes. A wal k through the ORB tree using a group opening criterion
determ nes whi ch subset of processor nust be exam ned further to
gather nore tree nodes if necessary. Tree wal ks are perfornmed in the
needed processors using the group opening criterion of the requesting
processors. BH tree nodes which can be used are flagged. The nodes of
the pruned trees are then gathered together and exported to the
calling processor. Once received the internal child and sibling |links
of the inported trees are reset and the pruned trees are grafted at

t he appropriate node of the ORB binary tree. The result of this
procedure is the locally essential tree which contains: the | ocal
BH-tree, the ORB tree structure and the trees pruned to the
appropriate |levels inported from other processors.

Sunmmary

The parallel tree code works as follows. At the start, particles are
di stributed randomy anong the processors. At each tinme step, the
foll owi ng procedures are carried out:

ORB domai n deconposition across processors

Construct the local BH tree

Exchange tree nodes to construct the locally essential trees
Wal k through the trees to calculate the forces

Move particles along their trajectories using these forces

AUNTNNANAN
O WNEF
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Only steps (1) and (3) require nmessage passing. In both cases,
nmessages are exchanged in a synchronous manner using the nessage-
passing interface (MPl). The nessages contain arrays of particle data
(masses, positions, and velocities) and tree node data (nmasses,

posi tions, quadrupole nonments and cell dinensions).
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