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Abstract

The theory of quantum computation, a new and promising eld, is discussed.The
mathematical background to the eld is presered, drawing ideasboth from quan-
tum medianics and the theory of classical computation. The quantum circuit
model of computation is discussed,and a universal set of quantum logic gates is
investigated. Quantum algorithms are examined, focusing particularly on Grover's
databaseseard algorithm and Shor's factoring algorithm, the two bestknown quan-
tum algorithms. Finally, an implementation of quantum computation using linear
optics is developed.
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1 Intro duction

1 Intro duction

The theory of quantum medanics developed in the early part of the twertieth cen-
tury is atheory of the very small. A very mathematical theory, it neverthelessmakes
predictions that agreeto fantastic precisionwith experimentally determined results.
In order to make the theory agreewith the physical world, however, sciertists have
been forced to part with the determinism of classical physics in favor of proba-
bilistic quantum medanical predictions. This sacrice of determinism has been
ameliorated, however, by the identi cation of the quantum mecdanical properties
of superposition, interference,and ertanglemert as powerful resources.The theory
of quantum computation exploits thesetools to perform computation exponertially
faster in somecasesthan is possiblewith any classicalcomputer.

The theory of classicalcomputation standsin stark contrast to quantum theory.
It is not a theory describing the physical world; rather, it is purely mathematical,
designedto provide a framework for studying algorithms. Much of computational
theory is certered around the idea of the Turing macdiine, named after Alan Turing,
the British mathematician who pioneeredthe eld. A Turing machine is a simple
theoretical construct that hasproved usefulin studying computation, and one of the
great triumphs of computer sciencehas beento prove that there is no possiblecom-
putation that cannot be performed on this simple apparatus. This ideais enbodied
in the Church-Turing thesis, which statesthat the classof functions computable by a
Turing madine is exactly the classof functions computable by algorithm [1]. Thus,
the study of the theory of computation may be reducedto the study of the Turing
machine. While the full theory of Turing machines and computation is beyond the
scope of this paper, we will on occasionmake use of someof the conceptsinvolved.

On the surface,then, it would appearthat the elds of classicalcomputation and
guantum medanicshave no relation to oneanother. Indeed, the connectionbetween
the two is subtle, and was not recognizeduntil the 1980s. Appropriately enough,
the rst hints of this link grew out of information theory, a subject that also links
together abstract mathematical notions with the physical world. One fundamental
result from information theory is Landauer's Principle, which states that for every
bit of information erasedby a computing device, an amourt of energy equal to
KT In 2 is releasedinto the ervironment, where k is Boltzmann's constart and T is
the temperature of the ervironment [2]. As heat dissipation is generallyan unwanted
sidee ect of computation, researhiersbeganto study the possibility of computation
without erasure. This led to the developmert of reversible computation, whereevery
computation may be run backwards and thus losesno information. This result in
turn led some sciertists to wonder if quantum medanical systemscould be used
to compute, sincequantum systemsundergo unitary ewolution, which is by its very
nature reversible. Finally, in 1985, David Deutsch at Oxford University published
a paper cortaining a full theory of a quantum Turing machine, making explicit the
link betweencomputational theory and quantum medanics [3].

Deutsch shawved that the theory of computation developed by Turing and others
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is not free from physical assumptions. A classicalTuring machine is assumedto be
in a de nite state at the conclusion of eat step of computation. But a quantum
medanical system is subject to no such constraint; the result of ead step of the
computation may be a superposition of computational states. Using this principle, a
guantum Turing machine may, in a sensehat will be explained more fully in Section
4, explore all possiblecomputational paths while performing only a single computa-
tion. It is this principle of quantum parallelism that givesquantum computerstheir
power. It is important to note at this point that a quantum Turing machine, and
therefore a quantum computer, is no more powerful than a classicalTuring machine,
in the sensethat there is no function that may be computed by one that may not
be by the other. It appears, howewer, that quantum Turing machines may be able
to compute somefunctions more e ciently than classicalTuring macdhines.

The two most famousand useful quantum algorithms known are Shor's factoring
algorithm and Grover's databaseseard algorithm. Shor'salgorithm canfactor num-
bers faster than any known classicalalgorithm (though it has not yet been proved
that factoring is an inherertly ine cien t problem for a classical computer), while
Grover's algorithm can speedup the seard of an unstructured databaseby a factor
of a squareroot of the number of elemerts in the databaseover the best classical
algorithm. Both of these quantum algorithms, though especially Shor's algorithm,
have important applications to cryptography. The most widespread cryptosystem
in usetoday is the RSA encryption scheme, which relies on the dicult y of fac-
toring large numbers for its security. A quantum computer could decale an RSA
encrypted messagein seconds. Thus, researt in quantum computation has also
spurred resear® in the related eld of quantum cryptography, in which quantum
medanical properties are usedto create unbreakable codes.

Despite the obvious bene ts of quantum computers, none yet exists. Many
physical realizations have beenproposed,but none hasyet producedlarge quantum
computers, even though the requiremerts for quantum computation seemminimal.
Any quantum system possessingwo nondegeneratestates can be used as a quan-
tum bit, or qubit, which is the basic unit of quantum information, just asthe bit
is the basic unit of classicalinformation. A quantum computer would consist of
many qubits and somemechanism for changing their state. Additionally , it must be
possibleto entangle di erent qubits to create quantum registers;this notion will be
explainedin a later section.

To date, only small quantum computers running a single algorithm have been
built, despitethe simple requiremerts. Though no solution hasyet beenfound that
will scaleeasily to large numbers of qubits, someimplementations have beenquite
successfubn a small scaleas proof-of-principle experiments. The most advanced of
thesesmall quantum computersare basedon nuclear magnetic resonancg NMR). In
an NMR quantum computer, nuclear spins are used as qubits, and radio frequency
waves are usedto changethe state of the qubits. A simpler implementation, dis-
cussedextensiwely in a later section of this paper, is basedon linear optics, where
conmbinations of photon spatial modes and polarization states are used as qubits.
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Experiments have also been done using quantum dots, cavity QED systems, and
trapp ed ions, to name a few. The reader is directed to Nielsenand Chuang's book
[1] for an overview of someof theseimplementations.

There are problems with ead of these implementations, howewver, that have
stymied the progresstowards a working universal quantum computer. These prob-
lems can be separatedinto implementation-speci ¢ issuesand issuesof general dif-
cult y. The most problematic of these general di culties is decoherence,or the
tendency of the delicate superpositions necessaryfor quantum computation to de-
cay due to interactions with their environment. Seweral schemeshave been dewel-
oped for dealing with this problem, most notably the theories of decoherence-free
subspacesand quantum error correcting codes. While these schemesdo reducethe
adversee ects causedby decoherencethey also require extra qubits that will slow
the dewvelopmert of working quantum computers.

In this paper, we present an overview of the eld of quantum computation, along
with a complete treatment of linear optical quantum computation as an example
of a possibleexperimertal realization of the theory. Section 2 dewelopsthe theory
of quantum medanics from the viewpoint of quantum computation and introduces
some useful ideas from the theory of computation. Section 3 gives an overview
of the quantum circuit model, and determinesa set of quantum logic gatesthat is
universalfor quantum computation. Section4 discussese\eral quantum algorithms,
beginning with the relatively simple Deutsch and Deutsch-Jozsaalgorithms and also
covering Grover's and Shor's algorithms. Finally, Section 5 provides a complete
description of a hypothetical quantum computer implemented using linear optics.
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2.1 Quantum Mec hanics

The theory of quantum medanics is built on top of the theory of linear algebra.
In order to describe the physical world, we must de ne somemapping betweenthe
mathematical conceptsand obsenable physical dynamics. This is accomplishedby
de ning a setof postulates. We can say that the postulatesare valid if the resultant
theory agreeswith experiment, and indeed the predictions of quantum medanics
agreeimpeccablywith obsenations.

In this section, we dewvelop the theory of quantum medanicsfrom the viewpoint
of quantum computation. The following discussionis adapted from Boccio [4] and
Nielsenand Chuang [1].

2.1.1 States and Qubits

To begin with, we must de ne a framework within which to work; to that end, we
make the following postulate:

Postulate 1 A physial systemis representel as a Hilbert space, and a state of the
systemis given by a unit vector j i in that space. In particular, a qubitis a unit
vector in a two dimensional Hilbert space.

A Hilbert spaceis simply a complex linear vector spacewith an inner product
de ned. Thusit is clear that linear algebrawill be the primary mathematical for-
malism usedin our theory. In quantum computation, we are primarily interestedin
qubits; thus we will be most interestedin simple two-dimensional vector spaces.

Qubits are the quantum analog of classical bits. As two dimensional vectors,
they have two discrete states, which we label jOi and jli. We also here de ne the
so-calledstandard computational basis,in which

.1 0
joi = 0 and jli = 1 (2.1)

We will often make useof this basis,and unlessotherwise stated, it is the basisused
throughout this paper.

In addition to beingin either of the basisstatesj0i or jli, a qubit may exist in
any superposition of these states, given by

ji= joi+ jli; 2.2)

with
i P+t (2.3)

The fact that qubits can be in de nite superpositions is the root of the increased
computational power of quantum computers relative to classicalcomputers.

6
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2.1.2 Operators and Evolution

Now that we have developed a mathematical represetation of a physical systemand
its states, we must specify how states ewolve. We thus make our secondpostulate:

Postulate 2 Closal systemsevolve via unitary transformations. Thus, quantum
logic gates, which changethe state of qubits, are representel as unitary operators.

A unitary operator is one whoseHermitian conjugate is its inverse. Thus, if U
is a unitary operator,
UYu = uuy=1; (2.4)

where | is the identity operator. This allows us to state and prove a lemma con-
cerning the eigervaluesof a unitary operator that we shall uselater in this paper:

Lemma 2.1 A unitary operator has eigenvaluesof the form €' , and any operator
with eigenvaluesof this form is unitary.

Pro of To prove the rst part of the lemma, considerthe matrix represenation
of a unitary operator in its eigerbasis. In this basis, it will be diagonal with its
eigervalues ; down the diagonal, wherethe ; arein generalcomplex. The product
UYU in this basis will then be a diagonal matrix with the values ; ; down the
diagonal. Tofulll the unitary condition, we must have ; ; = 1, thus, the real part
of the ; must be 1, and therefore the ; will be of the form € i. Examining the
product UUY givesthe sameresult.

The secondpart of the lemma is proved in much the sameway. We de ne
some operator Q with eigervalues €' ', and work in its eigerbasis. In this basis,
the product QYQ has a matrix represernation consistingofe ' i i = 1 down the
diagonal, and thus is the identity matrix. The sameresult is obtained given the
product QQY, and so Q ful lls the unitarit y condition and the lemma is proved.

Notice that postulate 2 speci es only that closedsystemsundergo unitary evo-
lution. No speci cation is made for systemsthat are not closed; presumably, the
dynamics are far more complex. Many of the di culties encourtered in the e ort to
construct a working quantum computer stem from the interactions of the computer
with its ervironment; quantum computersare only approximately closedsystems.In
this paper, however, we consideronly ideal, closedquantum computational systems,
and so are concernedonly with purely unitary ewolution.

Postulate 2 assiates the classof unitary operators with state ewolution. We
now assciate a secondclassof operators with physical obsenables, which will lead
usto a represettation of quantum measuremert

Postulate 3 A physial dynamical variable is represent@ by a Hermitian operator,
and the possibleoutcomes of a measurement of that observableare the eigenvalues
of the operator.
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A Hermitian operator H is onethat is equalto its Hermitian conjugate, satisfying
the relation H = HY. Just as the unitarit y condition restricts the eigervalues of a
unitary operator, the hermiticit y condition imposesa restriction on the eigervalues
of a Hermitian operator:

Lemma 2.2 The eigenvaluesof a Hermitian operator are real.

Pro of Considera Hermitian operator H, and again considerits matrix represerta-
tion in its eigerbasis,whereit is diagonal with its eigervalues ; down the diagonal
and the ; are in generalcomplex. To satisfy the hermiticity condition, H = HY,
the relation = must hold. Thus, the ; must be real.

The condition proved in lemma 2.2 makesHermitian operators a good choiceto
model obsenables, since, of course,we can never measurea complex number.

As we show below, the eigervectors of a Hermitian operator are orthogonal, a
fact we shall often use:

Theorem 2.1 The eigenvetors of a Hermitian operator correspnding to distinct
eigenvaluesare orthogonal.

Pro of Let Q be a Hermitian operator, andlet j i andj i be eigervectors of Q
with eigervalues and , respectively, suchthat 6 . The, we have
hji=hjQ i=@ji)ji=C0Cji)ji= hji; (2.5)
where the last equality follows from lemma 2.2. Therefore,
hji= hijij; (2.6)
andsoh j i = 0, which meansthat j i andj i are orthogonal.

2.1.3 Comp osite States and Registers

So far in our discussionof quantum medanics, we have dealt only with single
systems; from the standpoint of quantum computation, we have only discussed
single qubits. A quantum computer with the capacity to operate on only a single
qubit is useless,and so we must extend our discussionto systemsof many qubits.

We therefore intro duce the following postulate:

Postulate 4 The Hilbert space describinga composite physial systemis the tensor
product of the spaces describing the individual systems,and the state vector of the
systemis the tensor product of the individual state vectors. A quantum register is
the tensor product of individual qubits.
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The tensor product, denoted by the  operator, is assaiative and distributiv e.
In terms of matrices and vectors, the tensor product is reduced to the so-called
Kronecker product. The Kronecker product of anm n matrix A andap (¢
matrix B is given by

. i o
\V) 1 It
A11B  ApB AmB 3
AzB  AB AanB =~
A B= . 5 mp: (2.7)

In equation (2.7), eath entry is a submatrix of the dimensionsof B, with ead entry
in B multiplied by a componert of A asshawvn. The Kronecker product of a vector
follows directly from equation (2.7) by simply setting n and g to 1. Let usillustrate
the tensor product with a simple example.

Consider the matrix

1 1 1
H_p_ill' (2.8)

We will seein Section3 that this operator is of fundamertal importance in quantum
computation. Using the de nition in equation (2.7), we now calculateH H:

1 H H

H H= p—i H o (2.9)
Expanding this out, we have
0 1
1 1 1 1
_1B1 1 1 1 §
H H= 501 1 1 1 K° (2.10)
1 1 1 1

In a similar way, we can de ne multiqubit statesin terms of the tensor product.
Considera simple quantum register consisting of a qubit in the jOi state and a qubit
in the j1i state. Using postulate 4, we can write this registerasjOi jli. The
represertation of this state in the computational basisis quickly given by equation
2.7):

0 1
0
1 0 _%1%,
jOijL = 0 1 T@gA" (2.11)
0

This processgeneralizessimply to larger quantum registers. We shall often use a
shorthand notation to describe such multiqubit states. Wedene jOi  jli jOl.
Whenewer we write a qubit with more than onelabel in the ket, a tensor product is
implied.



2.2 The Theory of Computation

Before leaving this section, let us intro duce one more piece of notation we will
usethroughout this paper. Consideran operator Q that operateson a single qubit.
To extend this operation to a register of n qubits, we take its tensor product with
itself n times. We represen this operation by Q ", in analogy with exponertiation.
We usethe samenotation for qubits; in our notation, the state jOi " represens a
guantum register n qubits long with every qubit in the jOi state.

2.2 The Theory of Computation

The theory of computation may broadly be divided into two sections: computabilit y
and complexity. Computabilit y theory hasled to a knowledge of the kinds of prob-
lemsthat can and cannot be solved by a computing device. It is straightforward to

shaw that there must be functions that cannot be computed: the set of all possible
functions is uncountably in nite, while the set of all possibleprogramsis countably

in nite, sothat there are more functions than programs. But while computability
theory isarich eld and interesting in its own right, we will not considerit here. It

cannot shedany light on the di erence between classicaland quantum computers,
becausethe set of functions computable by eat type of computer is identical.

The notion that quantum computersare more powerful than their classicalcoun-
terparts stemsfrom another branch of the theory of computation, namely complexity
theory. Early in the developmert of the theory of computation, it was realized that
simply classifying functions as computable or not was too coarsegrained, and not
useful for practical purposes;there are many useful computable functions that nev-
erthelesscannot be computedin a reasonableamount of time. Classifying functions
(and therefore the algorithms that implement them) by the exact amount of run-
ning time they required is too ne grained an approad, leading to needlessextra
taxonomy. Complexity theory thus de nes broad complexity classesand statesthat
algorithms running in a time proportional to a polynomial in their input size are
feasible,and algorithms running in exponertial time are infeasible.

We will clarify these notions in a momert; rst, however, we take a detour to
discussclassicaland quantum Turing machines, which are the basis for all of the
theory of computation.

2.2.1 Classical Turing Mac hines

While a computing device may be thought of as a function evaluator, it must also
be an information processor. Turing machinest are de ned from this perspective,
and build on the theory of formal languages.We de ne an alphabet to be a nite

set of symbols (which may always be the set of binary numbers, f0; 1g). A string
is a nite sequenceof symbols from . Predictably, a languageis de ned to be a

1Though we refer to Turing \machines," the reader should understand that a Turing machine
does not refer to a physical device, but rather to a mathematical object. Whenever we refer to
machines or devicesin this section, we are referring simply to mathematical constructs.

10



2.2 The Theory of Computation

set of strings over an alphabet. We also introduce the notion of an automaton or
languageacceptor. An automaton is a devicethat is paired with a given language.
Supposewe have an automaton M and a languageL. We now feedM with strings.
If M returns \true" for all strings that arein L and \false" for all strings not in L,
we say that M acceptsL.

Formal languagedall into several di erent categories,and ead classof languages
is paired with a corresponding classof automaton. A full discussionof the so-called
Chomsky hierarchy [5], which ranks the di erent classesof formal languagesbased
on their generality, is beyond the scope of this paper; we simply state that the most
general language classesare the recursive and recursively enumerable languages,
both of which have Turing machines as their automata. BecauseTuring macdhines
are related to the most generalformal languages,we regard them as a good model
of computation. Indeed, no alternate model of computation has yet been proposed
that cannot be provento be equivalent to the Turing machine model.

A Turing machine may be thought of as consisting of three elemeris, as showvn
in Figure 1. The rst of theseis an in nite tape marked o into segmens. Each

of1j1f0j1(0]j0]1]O

Read/Write Head

Control
Unit

Figure 1: A represettation of a Turing machine.

segmem may either contain somesymbol or be blank. The Turing machine also has
a read/write head that can move along the length of the tape, reading in symbols
and possibly erasing or overwriting them. Finally, it hasa nite cortrol unit that
may bein somestate. The action of the Turing machine will be determined by both

2The precise de nitions of recursive and recursively enumerable languagesare unimp ortant for
the presert discussion. Formally, the recursive languagesare the class of languagesdecided by a
Turing machine, while the recursively enumerable languagesare those languagessemidecidedby a
Turing machine. A Turing machine is said to decide a languageif it halts on all strings, and accepts
strings in the language and rejects strings not in the language. A Turing machine semidecidesa
languagesif it halts only on strings in the language and does not halt on other strings.

11



2.2 The Theory of Computation

its state and the currently read symbol on the tape. It is important to note that at
the end of every computational step, the machine will be in a de nite state.

Formally, then, a Turing machine M is a quintuple (K; ; ;s;H), whereK is a
nite setof states, isanalphabet, sisthe start state, H is the setof halting states,
and is a function from (K H) to K , where denotesthe Cartesian

product. speci es the action of the Turing machine basedon its current state and
the symbol it is currently reading. For the classof deterministic Turing machines,
is atrue function, and must be singlevalued and must contain an entry for every pair
from K H and . For anondeterministic Turing macdine, the transition function
needonly be a relation: it may be multiply valued, and need not contain ertries
for all possibleelemerts of (K H) . We represert sudh a nondeterministic
transition function by . A computation of a nondeterministic Turing macdhine
proceedsalong all possiblepaths simultaneously; however, one must remenber that
the nondeterministic Turing machine is simply a mathematical construct and cannot,
even in principle, be built.

Remarkably, although many alternate models of computing deviceshave been
proposed, none has ever beenshawvn to be more powerful than a Turing macdine.
Even augmening the standard Turing machine described above with multiple tapes
or multiple read/write headsdoesnot allow the computation of any new functions;
indeed, any computation on such an extended Turing machine may be e cien tly
translated into a computation on a standard Turing machine. It should be men-
tioned, however, that it has not been proved that the action of a nondeterministic
Turing macdhine can be simulated e cien tly on a standard deterministic Turing ma-
chine, and indeed most computer sciertists believe that it cannot be. We will return
to this question in our discussionof computational complexity below.

2.2.2 Quantum Turing Mac hines

The theory of the quantum Turing machine was rst published by Deutsch [3].
Deutsch's quantum Turing machine is similar to a classicalTuring machine in that
it consistsof a nite control unit and anin nite tape. Instead of being able to record
only classicalinformation, however, the tape is now capable of holding a qubit at
ead location; that is, the tape is made up of an in nite sequenceof two-level
obsenables. The cortrol unit is likewisea quantum device, characterized by some
number of two-level obsenables. Deutsch also introducesa pointer to the current
position of the read/write headon the tape, characterizedby yet another obsenable.
A state of the machine is given by a vector in the Hilb ert spaceconstructed from
the spaceof the head pointer, the tape slots, and the cortrol unit.

As aquantum device,the quantum Turing machine ewlvesvia unitary dynamics.
Deutsch speci ed that only a singletape squarecan participate in a givenoperational
step of the machine. This ensuresthat the machine will operate by nite means,a
requiremert on any reasonablemodel of computation.

While the quantum Turing machine is running, it must not be obsened; other-

12
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wise, any superposition on the tape or in the control unit will be collapsed. This
requiremert, however, makesit di cult to determine when the machine has halted.
Deutsch escaped this problem by specifying that the quantum Turing machine
should keepone extra qubit with which it can signal the halt condition. This qubit
may be periodically obsened without disturbing the rest of the computation.

Though we will not refer badk to the concept of the quantum Turing machine,
it is important to understand that it is a fully deweloped theoretical model that can
be proved to be as powerful as a classicalTuring machine.

2.2.3 Computational Complexit y

Computational complexity provides a framework for determining the e ciency of
algorithms. As discussedabove, quantifying the exact running time of an algorithm
is often too ne-grained to be useful; we would like, however, somemeasureof the
running time. To this end, we de ne the order of a function f (n) as follows: we
say that f (n) is O(g(n)) if, for someconstarts ¢ and ng, f(n)  cg(n) for all n
greater than ng. This is often referred to as "big-O' notation; we also refer to it as
the time complexity of an algorithm. We note that the time complexity de ned in
this way speci es an upper bound on the running time; it is the running time of the
algorithm in its worst case.One can also de ne lower asymptotic bounds, but since
big-O notation is more standard, we useit.

We can now use this concept of time complexity to de ne what is meart by
an e cient algorithm. Algorithms whosetime complexity is polynomial in their
argumert sizeare deemedtractable and e cien t. Algorithms with exponertial time
complexities are deemedine cien t. Algorithms that fall into thesetwo categories
are grouped together in large complexity classes. The class P is the set of all
polynomial time algorithms, while the classEX P is the set of all exponertial time
algorithms. It should be clearthat P EXP. These classescan also be de ned
in terms of Turing machines; for example, P is the set of algorithms that run in
polynomial time on a deterministic Turing machine.

The major outstanding problem in computer sciencetoday concernsa third com-
plexity class,the classN P. NP is generally de ned to be the classof algorithms
that run in polynomial time on a nondeterministic Turing machine. N P may alsobe
de ned to bethe classof problemswith solutionsthat may be chedkedin polynomial
time by a deterministic Turing machine. The most important unsolved question in
computer scienceis whether or not P = NP. It is widely believed that the two
classesare not equal, though proving this fact has turned out to be very di cult.
While important in its own right, proving P 6 N P also has implications for quan-
tum computation; though we do not give a proof here, such a proof could be usedto
show that quantum computers are provably more e cien t than classicalcomputers.

The eld of computational complexity is much broader than we can treat here.
The interested reader is directed to Lewis and Papadimitriou's book [5] for more
information.
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3 Quantum Gates and Circuits

3.1 Quantum Logic

A classical computer is, in essencea device that processesclassical information,
encadedin bits. While this high level description is good for dealingwith a computer
as a mathematical ertity, it is useful when consideringa computer to be a physical
deviceto model a computer from a more physically motivated perspective. Classical
digital computers are built from logic gatesand wires that are grouped together to
form more complex circuits. Data moves along the wires and is changed by the
logic gatesin such a way asto implement the desired computation. Logic gates
themselwes are de ned by their action when fed with dierent input bits, usually
codi ed in atruth table.

Analogously, sincea quantum computer is a processorof quantum information,
we de ne a quantum circuit to be a network of quantum logic gatesand quantum
wiresthat act on qubits. To be consistert with the postulatesof quantum mecanics
listed in Section 2, we de ne a quantum logic gate to be a unitary transformation
on one or more qubits. A quantum wire is simply a theoretical construct to denote
movemert of qubits, either through spaceor time. In this way, our quantum circuit
model applies equally well to any implementation of a quantum computer.

In this section,we rst presen seweral single qubit gates,which are someof the
most important quantum gates. Next, we consider multi-qubit cortrolled opera-
tions, and important extensions. Finally, we consider a discrete set of gatesthat is
universal for quantum computation.

Before moving on to our discussionof single qubit gates,let us introduce some
notation. Figure 2 shows our represertation of a quantum circuit. The lines

Figure 2: A genericquantum circuit. The lines represert quantum wires
while the box signi es a quantum gate Q. Information ows from left to
right.

represent quantum wires and the box signi es a quantum logic gate Q. Each wire
carries a single qubit, and we assumethat all the qubits in a particular circuit are
a part of the samesystem, and that the state of the circuit at any time may be

14



3.2 Single Qubit Gates

described by a tensor product of the individual qubits. Any quantum gate in the
circuit will act only on the qubits carried by the wires that passthrough it; thus,
quantum gateswill often act on subspacesof the Hilb ert spaceof the full circuit.
Additionally , we de ne the direction of information ow in a quantum circuit to be
from left to right. Using theserules, the circuit in Figure 2 represetts the operation

G Q nigi ji ji)=ji Qji ji: (3.1)
Note that we have here introduced the convention that when a tensor product of
operators acts on a tensor product of qubits, the rst operator acts on the rst
qubit, the secondoperator on the secondqubit, and soon. Thus, in equation (3.1),

the operator Q acts only on the qubit j i, while the other two qubits are acted
upon by the identit y operator.

3.2 Single Qubit Gates

The building blocks of any quantum circuit are operations on single qubits. In this
section, we intro duce se\eral single qubit gatesthat we will usefrequertly.
We beginwith the well-known Pauli matrices X, Y, and Z. In the computational
basis, these gates have the matrix represernations
_ 01 _ 0 i _ 10
X= 10 Y5 i 0o %% o0 1 (32)
In addition to specifying their matrix forms, it is also instructiv e to expressthe
Pauli matrices in terms of projectors in the computational basis:

X = j0i hy + j1i hoj
Y =ij0i hij ijli hoj
Z =j0i hoj j1i hyj (3.3)

Finally, we also specify the action of the Pauli matrices on the generalqubit j i =
joi + jli:

Xji= jli+ joi
Yjii=ijl i joi
Zji= jo ji (3.4)

The Pauli matrices have many interesting properties. Simply by inspecting their
matrix forms, it is easyto shaw that the Pauli matrices all squareto the identity
matrix. Using this property, we can prove a useful identity. Consider exp(ix )
for somereal number x and matrix  such that 2 = |. Then, expanding the
exponertial, we have

_ R ix )

eix
n!

(3.5)
n=0
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3.2 Single Qubit Gates

Breaking this sum into its even and odd componerts, we have

X)), X (ix )™

eX = (3.6)
n even n! m odd m!
We know that 2 = |; thus, raisedto any even power will be | and to any odd
power will be . Using this fact, the summations become
) X Sy N X SYM M
ex = ()"x + 0)4)(: (3.7)

| |
n even n: m odd m:

Now, welet n = 2k and m = 2" + 1, sothat we can rewrite the summations as

e i - : (3.8)
‘o (2k)! 0 (2" + 1)!
But theseare simply the expansionsof the sine and the cosine;thus,
X =cosx+i sinx: (3.9)

We can now use this identity to de ne the following useful rotation operators
about the x, y, and z axes,given by

Cx= Y C0S5 i sin
Ry() € *%2=cos= iX sin== 2 2
2 2 Isin;  COS3
i Y= " COS5 sin 5
Ry() € Y2=rcos; iYsing= 2 2
2 2 sin;  COS5
i e'¥ 0

R,() € %%2=cos= iZsinz= (3.10)

2 2 0 €=
Additionally , we can de ne a rotation operator about somearbitrary axis n as
Rn() el 2= Cos i (MX +nyY + n;Z)sin; (3.11)

where h = (ny;Ny;nz) is a unit vector in the n direction and = (X;Y;Z) is a
vector of the Pauli matrices. This generalrotation follows because

n H)=1; (3.12)

and so equation (3.10) de nes a rotation is accordancewith our earlier ndings for
operators that squareto unity. To seewhy equation (3.12) holds, let us expand it
out:

(A )%= (NkX + nyY + nyZ)2
= (ng+ ng+ no)l + nyny FX;Yg+ nyn £X;Zg+ nyn, fY;Zg  (3.13)
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3.2 Single Qubit Gates

wheref ; g denotesthe anticommutator. It is becomesapparert simply by writing
it out that for any two Pauli matrices ; and |,

i =ik ks (3.14)

where we have invoked the Einstein summation corvertion and i is the Levi-
Civita totally antisymmetric tensor. This in turn shavsthat f j; jg= 0, or that
the Pauli matrices anticommute. This fact combined with the requiremert that A
be a unit vector meansthat equation (3.13) reducesto the identit y operator, sothat
equation (3.11) holds.

The Pauli matrices are a basisfor the spaceof two by two matrices, and as sud,
any single qubit operator can be expressedin terms of them. We now make use of
this fact to prove a theoremthat will be usefulin our study of cortrolled operations.
First, we state a small lemmathat will be necessaryfor proving the theorem:

Lemma 3.1 SuppmseU is a single qubit quantum gate. Then there exist real num-
bers , , ,and suchthat

U= ¢ Ry()Ry( IR(): (3.15)

Pro of SinceU is a single qubit gate, it must be unitary, as we have postulated
that all quantum dynamics are unitary. Since U is unitary, its rows and columns

must be orthonormal. Supposewe write U as
|
u= € 2 2cosy el 2Tsing (3.16)
él "z 2siny €l *2%2) cos;

for realnumbers , , ,and . Weclaim that this form of U ensuresthe orthonor-
mality of the rows and columns, and thus the unitarit y of U. Labelling the columns
of U asuc; and ug; and the rows asu,1 and u,y, it is simple to seethat

gl 7z gl ?*E)coszsin§+ gl +7 2 +3+

Uct Ue2 7) sin 5 Cos5

2

2sin €@ * )+ 25in €@ )

=0 (3.17)

Likewise,ur1 ur2 = 0. Thus, writing U in this form ensuresits unitarit y, and then
equation (3.15) follows from matrix multiplication.

Now, we can state the theorem:

Theorem 3.1 Let U be a single qubit gate. Then there exist single qubit gatesA,
B, and C suchthat ABC = | andU = € AXBXC, wher is an overall phase
factor.
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3.2 Single Qubit Gates

Pro of Let usde ne

A Rz( )Ry 3
+
B Ry 5 R; >
C R; 5 ; (3.18)
Then we have
+
= Rz()Rz( ) =1 (3.19)
Now, note that, using equation (3.14),
XYX =iZzX =i(iY)= Y: (3.20)
Therefore,
XRy( )X = X(cos +iY sin )X =cos iY sin
= Ry( ); (3.21)
where we have usedX 2 = | . Similarly,
XRz( )X =Rz( ): (3.22)

With theseidentities in mind, we can show that

XBX =XRy 5 Ry +2
=XRy = XXR, ——
=Ry - R, — (3.23)
2 2
Thus,
AXBXC=Ry( )Ry = Ry = R, —= R, ———
2 2 2 2
= Rz()Ry()Rz(); (3.24)
and thus, by lemma 3.1, we have
U=¢e AXBXC: (3.25)
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3.2 Single Qubit Gates

Before leaving this section, we introduce three additional useful single qubit
gates: the Hadamard gate H, phasegate S, and =8 gate T. Thesethree gateshave
matrix and projector represenations given by

1 1 1 1 . 1.
H=p= = p=(0i +jli)ho + p=(j0i li)hl
PS 1 1 5000 + 1) hoj + p=(GO j1i) hij
S= é = jOi hQj + ijli hij
_ 1 o e b i A oas
T= 0 o = j0i hOj + € ~*j1i hlj: (3.26)

Of thesethree gates, we shall usethe Hadamard gate most frequertly, and solet us
investigateit further. Considerits projector represenation, and notice that

HjoOi = pl—é(jOi +j1i)
Hjli = pl—é(jOi jli): (3.27)

The Hadamard gate thus takeseither of the computational basis states and puts it
into a superposition state. Consider now a tensor product of two Hadamard gates
acting on the two qubit state jOGi = jOi jOi. Explicitly calculating this operation,
we have

H 2joi 2= pl—é(jOi+j1i) pl—é(jOi+j1i): %(jOOi +j01 +j10i + )11 ): (3.28)

Thus, we seethat this combination of two Hadamard gatesacting on the jO0i state
gives an even superposition of all the computational basis states for a two qubit
system. Let us now generalizethis result.

Look again at equation (3.27). It is clearthat for an arbitrary single qubit state

j i, we canwrite
Xl 1 K k
Hj = LKL (3.29)
_ 2
k=0
Let us now generalizethis to the caseof n qubits. We have

X 1) kit 2ke* i+ nkn ikt kot Kai
H "j 1 2000 i = 1 P K2, Kl (3.30)

H"ji= 7. (3.31)



3.3 Controlled Op erations

Here, k represen the bitwiseinner product of and k; that is, the sum modulo
2 of the products of the individual digits of and k when both are written in
binary. Note also that we term sud an n-fold tensor product of Hadamard gates

the Hadamard transform. Let us now considerthe casewherej i = jOi ". In that
case, k= 0,andso X
. [ Ki
H "joi "= 1!\2—'_”; (3.32)

k

which is again an even superposition of computational basis states. We will often
make use of this result.

3.3 Controlled Op erations

Now that we have discussedsingle qubit dynamics and have determined how to
construct any arbitrary single qubit gate using the Pauli matrices, let us move on to
multiqubit gates. The most important classof multiqubit gates,and aswe shall see
the only classwe needconcernourseheswith, is the classof controlled operations.

A cortrolled operation is a single qubit operation performed on a target qubit
predicated on the values of one or more control qubits. The most important of
the cortrolled operations, and indeed also the simplest, is the cortrol-not gate.
This gate ips the value of the target qubit if the cortrol qubit is in the j1i state,
and it is the quantum analog of the classicalxor gate (see Appendix A). In the
computational basis, the cortrol-not gate is given by

0 1
1000
~Bo1o o§
CN_%O 001
0010
= jO0 hOQj + jO1i h0lj + j10i h1lj + j11i h1Q ; (3.33)

where we have abbreviated the two-qubit tensor product states by using two labels
in the kets. Figure 3 shows the represenation of both the control- not gate as well
as a generalcortrolled-U gate.

We now shov how to construct a general corntrolled operation. Recall from
theorem 3.1 that an arbitrary single qubit gate U can be written U = ¢ AX BXC.
The rst stepin our construction is to perform a cortrolled phaseshift by ; that
is, we want to rotate the phaseof the target qubit if the cortrol qubit is in the state
j1i. This two-qubit transformation is given by

CP = jOOOi hoQj + j01i hOljj + € j10i h1g + € j11i h1yj

10 0 O
01 0 O

= 00 6 0 §: (3.34)
00 0 ¢€
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3.3 Controlled Op erations

< U
@) (b)

Figure 3: (a) A cortrol-not gate. The dark dot represens the control
qubit, while the open circle represetts the target qubit. (b) A more general
cortrolled-U operation.

We note, however, that this transformation canbe decomposedinto two single qubit
operations, since

0 1
10 0 O

1 0 _%0100%_

0 & =B 000 oK (3.35)
00 0 ¢€

Here, the leftmost operator in the tensor product acts only on the cortrol qubit and
the rightmost only on the target qubit. Thus, sincetarget qubit is acted upon by
the identit y in this transformation, the controlled phaseshift can be replacedwith a
single qubit transformation on the cortrol qubit. Now, considerthe circuit in Figure
4; we claim that this circuit implemernts a generalcortrolled operation. To seewhy

40 -9 ®
0 ¢
A—@P— B ——C

Figure 4: A circuit implemerting an arbitrary cortrolled U operation,
whereU = ¢ AXBXC.
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3.4 Univ ersal Gate Sets

this should be, rst notice that a control-not is exactly a controlled X operation,
which makes sensegiven that the X gate is the quantum analog of a classicalnot
gate, asis easyto shawv using the de nition in equation (3.3):

X jOi = (jOi hlj + j1i h0j)jOi = j1i
X j1i = (jOi hlj + jLi hoj)jli = jOi : (3.36)

We now have two casesto consider: rst, supposethe control qubit is in the
state j0i . In this case,the two cortrol-not gates do not change the state of the
target qubit, and the transformation AB C is applied to the target qubit. But, as
part of theorem 3.1, AB C = |, and soif the control qubit is not setthe state of the
target qubit doesnot change. Now, supposethe cortrol qubit is in the state j1i.
In this case,the transformation € AX BX C is applied to the target qubit, which is
exactly U. The circuit in Figure 4 doesindeedthen implement a generalcortrolled
U operation.

Finally, we introduce one more piece of notation before moving on. We have
thus far only consideredcontrolled operations that perform sometransformation if
a cortrol qubit isin the j1i state. We can just as easily perform the transformation
if the control qubit is in the jOi state. We use an open circle to denote a cortrol
of this type, as shovn in Figure 5. We also note that since the X operator is

Figure 5: A controlled operation conditioned on the cortrol qubit being
in the jOi state and its implementation using a cortrol-not gate.

the analog of a classicalnot gate, we may useit to map this new kind of control
operation into the type we have already discussed.

3.4 Univ ersal Gate Sets

Now that we have discussedsingle and double qubit gates,we are ready to move on
to the subject of universalsets. A universalgate setis a nite set of logic gatesthat
can be usedto implemert any arbitrary circuit. As an example,the nand gate, an
and gate with its output inverted, is universal for classicalcomputation. In this
section, we dewvelop a quantum gate setthat is universal for quantum computation.

22



3.4 Univ ersal Gate Sets

Ours will be an approximate universal set, but it can approximate any unitary
transformation to arbitrary accuracy Following Nielsen and Chuang[]], we rst
prove the universality of two-level unitary matrices and successiely re ne this set
until we have a discrete universal set.

3.4.1 Two-Level Unitary Matrices

Consider a quantum gate U that acts on n qubits. Letting d = 2", this gate acts
on a d-dimensional Hilb ert space,and so can be written in the computational basis
asad d matrix. We de ne a two-level unitary operation to be one that acts
nontrivially on only a single qubit. We claim that we can nd two level unitary
matrices Uy 1 to U7 such that Uy 1Ug 2:::UU U = V7 is a matrix with a one as
the top left elemen and all zerosin the rest of the rst row and column [6]. We
repeat this processso that

ViVk 1:::ViU = 1 (3.37)

and so
U= VvV (3.38)

Rather than prove this in general, we explicitly construct the 3 3 case. Even
though quantum gates can never have an odd number of rows and columns, the
3 3 caseis simpler than the 4 4 case,and is the rst nontrivial example of
the decomposition processwe are demonstrating. Thus, while our exampleis not a
realistic one for quantum computation, it contains the samefundamertal stepsand
is easierto follow.
Consider the matrix

0 1

O T o
- o Q
— T Q

where the elemens of U satisfy the unitarit y condition and are in generalcomplex.
We claim that we canwrite UzU,U,U = | for two level unitary matrices Uz, U, and
U;. Let us rst considerU;. Our goalis to make the entry [UiU]2; zero;if b= 0,

then, we can simply setU; = |. Otherwise, let us choosea two level unitary matrix
of the following form: 0 1
U =@ 0A: (3.40)
0 01
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3.4 Univ ersal Gate Sets

Forming the product U;U, we get

0 10 1
0 adg

Uu=@ 0OA@p e hA
0 01 c f j

(a+ b (d+ b (g+ h)
=@ (a+ b (d+ o (g+ h) A
c f ]

0 O & o°
=@ & hoA: (3.41)
CO fO jO
Now, we want l°= a+ b= 0. Obsere that we can accomplishthis by setting

b
jaj? + jb?2

2 (3.42)
jaj2 + jb2

Since U; must also be unitary, thesechoicesfor and force
jaiz + jh2’

For reasonsthat will becomeclear shortly, we also chooseto set

(3.43)

a
jajZ + jbiZ’

(3.44)

Next, we considerU,U;U. We would like the lower left corner entry of this matrix
product to be zero. If it is already, we simply set

0o, 1
a 00
U,=@ 0 1 0A: (3.45)
0 01
If not, we choosea two level unitary matrix of the form
o , 0 ol
U,=@0 1 0A: (3.46)
0 0 0

24



3.4 Univ ersal Gate Sets

Multiplying the matrices out, we obtain, in much the sameway as above,

0
0_ a
jag% + jcg?

0_ c

" P
0_ c?

jaj2 + jc9?
0_ a’

= p—ja‘]2+ e (3.47)

Thus, we obtain 1
1 do0 goo

UUsU = @ 0 €90 hOOA - (3.48)
0O f 00 J 00

Sinceall of Uy, Uy, and U are unitary, their product is aswell. In order to fulll the
unitarit y condition, d®°= g%= 0, sothat

1
1 0 O

UUU = @0 g% KOOA . (3.49)
0 fOO jOO

Note that our somewhatarbitrary choice of and ©above was cortrived to give
us a onein the upper left hand corner of this product. Now, we needsimply set

1
1 0 0
Us= @Q 0 hoo A (3.50)
0 fOO jOO
and we will obtain, as desired, UsU,U;U = I, sothat U = UYUJUJ. We have

therefore decomposeda general 3 3 unitary matrix into a product of two level
unitary matrices. In terms of the more generalexpressionsin equations (3.37) and
(3.38), we have found that V; = U,U; and V, = Usz. Recall that V; is a matrix

such that the product ViU has a onein the upper left entry and zerosin the rest
of the rst row and column. Looking at equation (3.49), this is clearly the case.
With this choice of V,, we also have that U = Vlyvzy, as desired. This algorithm
clearly generalizesto higher dimensions. For example,in the 4 4 case,the matrix

V1U would again have a onein the upper left entry and zerosin the rest of the rst

row and column. Acting recursively, we would the nd a matrix V, suc that the
non-trivial 3 3 submatrix of ViU would take on the samestructure in the product
V,V1U, and soon until we have fully decomposedthe original matrix.
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3.4 Univ ersal Gate Sets

3.4.2 Single Qubit and Control- NOT Gates

Now that we have shown that any arbitrary quantum gate can be implemented by
two level unitary matrices, we continue on towards a discrete universal gate set by
showing that an arbitrary two level unitary operation can be implemernted using
only single qubit gatesand the cortrol-not gate.

Suppose U is a two level unitary operation. Let U be the nontrivial 2 2
submatrix of U. We will prove that U can be implemented by single qubit gates
and the control-not gate by explicit construction. Let jsi and jti be the two
computational basis states one which U acts nontrivially . Let us dene jgii =
jsi and jgmi = jti. The statesjg;i and jgn 1i are de ned sud that any two
consecutive statesjgii and jgi+1i dier only by onebit; in other words, the states
fj gii g form a Gray code from jsi to jti . As an example of this, let us form a Gray
code from jO110 to j100d . We have

jgii = j0110
gl = 1110
jgsi = j1100
jgui = j1000 (3.51)

The idea of our construction is this: begin with jgii . By assumption, it diers
from jgpi by a single bit. We thus swap these two states by using a controlled bit
ip with its target being the bit where jgii and jgyi dier. The bit ip will be
conditioned by the requiremert that all the other bits of jgii and jg,i must be the
same. We iterate this processuntil we have transformed jgm 2i into jgn 1i. At
this point, we performed a controlled U operation with its target being the qubit
wherejgn 11 andjgni dier conditioned on all the other qubits being set. We then
proceedto undo all the swaps we have made.

As an example of this procedure, considerthe three-qubit transformation

O100000001
01 00O0O0O0D0 0
0O 0Oa00O0O0D
_ O 0O010O0O00D0O0
U= 0O O0O0O1O00O0 0¢’ (3:52)
O 0O0O0OO0O1O00O0
O 0O0O0O0OOT1O0
0O 0Oc0O0O0O0OOCM
where o
_a
U_cd (3.53)

is an arbitrary unitary matrix. We note that U acts nontrivially on the basisstates
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3.4 Univ ersal Gate Sets

j010 and 111, on which it hasthe action

ujolia
Uj111i

aj010a + cj111
bj010 + dj11%i (3.54)

The Gray code states for this gate are given by

jaui = jO10
jgei = jO11i
jgsi = j117 ; (3.55)

Basedon our procedurede ned above, the circuit implementing U is showvn in
Figure 6. Consider the action of this circuit on a register in the state j010, so

a

Figure 6: A circuit implementing the three-qubit gate U. Each of the
three controlled operations is conditioned on two control qubits.

that the top wire in Figure 6 carries a qubit in the jOi state, the middle wire ajli,
and the bottom wire a jOi. The rst operation is a cortrol-not gate conditioned
on the top qubit beingajOi and the middle qubit being ajli. Sinceboth the top
and middle qubits do in fact have these values, we invert the state of the bottom
qubit, leaving us in the state j011i .

The secondgate in Figure 6 is a controlled U operation on the top qubit, condi-
tioned on the both middle and bottom qubits beingjli. Sinceboth arein the j1i,
state, the U operation is applied to the top qubit, sothat after two operations we
arein the state aj011 + cj111i.

Finally, the third operation is another cortrol- not gate with the samecondition-
ing as before. Thus, we nally obtain the state aj010 + cj111i, which is exactly
what we found beforein equation (3.54).

A similar line of reasoningcan be usedto nd the action of the circuit in Figure
6 on the state j111i :

j11% ! j11% ' bjold + dj11% ! bjo1l0 + dj111i : (3.56)
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Likewise, it is straightforward to showv that any other state passesthrough this
circuit unchanged. Thus, the circuit in Figure 6 reproducesthe operation of U.
We have now showvn how to implement an arbitrary two level unitary gate using
only cortrolled operations. Recall, though, that in Section 3.3, we shaved that an
arbitrary cortrolled operation may be implemented using only single qubit gates
and the cortrol-not gate; thus, we have now proved these gatesto be universal.

3.4.3 A Discrete Univ ersal Set

We are now nally in a position to provide a discrete set of quantum gatesthat is
universal for quantum computation. Our set will consist of the cortrol-not gate,
the Hadamard gate H, andthe =8 gate T. It is alsocommonto include the phase
gate in this set sinceits inclusion is natural when considering fault-tolerant gate
constructions; however, since the phasegate S is simply T2, we do not include it
here.

Our set of gates will be an approximate universal set. Since the spaceof all
unitary transformations is contin uous, we obviously cannot truly construct it with
a nite number of transformations. However, we will seethat our universal set can
approximate any unitary transformation to arbitrary accuracy

Consider the T gate and the combination HTH. From the de nition of the
rotation operators in equation (3.10), it is clear that the T gate is, up to a phase
factor, a rotation by =4 radians about the z axis. Similarly, HTH is a rotation by

=4 radians about the x axis, up to a phase,as shown below:

101 1 1 0 11
HTH=35 1 1 0 & = 1 1
_1 @1+ @1 €
T2 1 € @a+é (3:57)
Since
1+ € ™= 1+ cos- +isin- = 2cod - + 2i sin - cos—
€ cos + isin cos’ ¢ + 2 sin o cos
=2¢ 8 cosg (3.58)
and
1 € #=1 cos, isinz = 23in2§ 2i singcosg
= 2 =8sin§; (3.59)
we have o
_ = COSg ising _ B
HTH = ¢ sy cosy Rx 7 (3.60)
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Now, let us considerthe composition of thesetwo rotations:

| 278 1 X= = cos— iZsin—= cos—= iX sin=

8 1, 8 8 78

_ . . ot Ysin. sin: '
c0§8 i (X Z)cos8 Y sing sin (3.61)

e e

Comparison with equation (3.11) shows that this is a rotation about the axis A =
(cosg;sing;cosg) through an angle de ned by cos; = cog g- Though we do
not preser the proof, this can be shown to be an irrational multiple of 2 [7].

We would liketo be ableto represen a rotation through any angle by repeated
application of Ry( ). We note that since is an irrational multiple of 2 , =2
where isirrational. For any arbitrary , there is an integer k such that

ek e ; (3.62)

sincephasefactors are de ned modulo 2 . Thus, R,( ) canbe usedto approximate
a rotation of any angle. Now, considerthe product HR,( )H. Using the fact that
H = pl—é(x + Z) and that H is Hermitian aswell as unitary, we have

h i
HRn( )H = CO§§ i (X + Z)cos§+ HYH sing sin: (3.63)
Since
1 1 . .
HYH = S(X+ Z)Y(X +2)= S(X + 2)( iZ +iX)
1
= E( Y Y)= YV, (3.64)
we have h i
HRn( )H = 0052g i (X + Z)cosg Ysmg sin g (3.65)

which is arotation about the i = (cosg; sin g; cosg) axis, whererh and fh are not
parallel. Up to a phaseshift, any singlequbit gate canbe represerted asa product of
rotations about two nonparallel axes,and soany single qubit gate canbe represened
by an appropriate product of R,( ) and Ry, ( ). Sincewe canapproximate thesetwo
generalrotations using only the Hadamard and =8 gates,we needonly H and T to
implement any arbitrary single qubit gate. With the results of the previous sections
in mind, then, we have constructed a universal set of gates. Any quantum circuit
can be approximated to arbitrary accuracyby the Hadamard, =8, and control- not
gates.
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4 Quantum Algorithms

4 Quantum Algorithms

4.1 Intro duction

The power of quantum computation becomesmost evidert in the study of quantum
algorithms. Strictly speaking, a quantum computer is no more powerful than a
classicalcomputer; there is no function computable by a quantum computer that
is not also computable by a classicalcomputer. There are, however, tasks which
a quantum computer can perform signi cantly faster than a classical computer is
thought to be able to, using what is known as quantum parallelism.

The idea behind quantum parallelism is simple. Since a register of n qubits
canbe preparedin a superposition of all its basisstates, and can therefore represen
simultaneously all numbersbetween0 and 2" 1, any unitary transformation acting
on this register must transform every oneof thesebasisstateswith a singleoperation.
After a single application of the unitary transformation, the quantum register is left
in a superposition of all possibleanswers. This seemstoo good to be true, and in
many ways it is; a measuremen of the register must, of course,yield only a single
result, and in the processdestroys the superposition. This collapse would seem
to argue that nothing has been gained over a classical computation of the same
function. The known quantum algorithms, howewer, cleverly take advantage of the
fact that the amplitudes of the superposition of the result register may be adjusted
using quantum interferencein order to produce their remarkable results.

The general pattern for quantum algorithms is thus clear. rst, a quantum
register is prepared in an even superposition, in which every state has the same
coe cien t, of its basisstates. Next, somefunction is evaluated on this superposition
using a unitary transformation. Finally, the register is interfered by meansof a
Fourier or Hadamard transform, and is then measuredto obtain a result.

In this section, we presert the major known quantum algorithms. Deutsdch's
algorithm and its extension, the Deutsch-Jozsa, algorithm have no known applica-
tions but are useful asintroductions to the more complicated quantum algorithms.
Grover's seard algorithn‘t3 speedsup the seart of an unstructured databaseof N
elemens by a factor of = N over a classical seart, and has many applications.
Finally, Shor's factoring algorithm, an application of the more general quantum
order- nding algorithm, can determine the prime factors of a composite humber
much faster than the best known classicalalgorithm, and has important rami ca-
tions for cryptography.

4.2 Deutsc h's Algorithm

Deutsch's problem, rst proposedand solvedin Deutsch's seminal paper [3], wasthe
rst exampleof a problem that could be solved faster on a quantum computer than
on a classicalcomputer. While it has no known applications, both Deutsch's algo-
rithm and the Deutsch-Jozsaalgorithm are important from a historical standpoint,
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4.2 Deutsc h's Algorithm

and as simple introductions to quantum algorithms. Here, we presen a simpli ed

version of the algorithm preserted in Cleve et al. [8] and Nielsenand Chuang [1].
Deutsch's problem supposesthe existence of a black box that ewvaluates some

function f : f0;1g 7! f0; 1g. There are four sud functions: two constart functions,

f(O)=f(1)=0 and f(0)=1(1)=1; (4.1)
and two so-calledbalancedfunctions,
f(0O)=0;f(1)=1 and f(0)= 1;f(1) = 0: 4.2)

We would like to determine which of thesetwo categoriesof functions a given black
box falls into. Classically, the only way to tell would be to evaluate both f (0)
and f (1); even though we are not asking for the valuesexplicitly, both evaluations
are necessaryto determine the global function property. A quantum computer,
however, can determine this global property with only a single function evaluation,
using Deutsdh's algorithm. A quantum network depiction of Deutsdh's algorithm is
shown in Figure 7.

jOi H X X H
Ur

jLi H y y f(x)

Figure 7: A quantum circuit to implement Deutsch's algorithm.

As shown in the gure, we beginwith a two-qubit registerinitialized to the state
j0li . Each of thesequbits is passedthrough a Hadamard gate, putting the register
into the state

joi + jli joi i
p—= p— : 4.3
= P> (4.3)
Next, we must evaluate the function f . This evaluation is accomplishedby means
of the Us operator, which somehave called an f -control- not gate. This two-qubit
gate inverts the secondof its input qubits only if the value of f evaluated on its rst
input qubit is 1; thus, it performs the transformation

jxijyi U!f jxijy fx)i; (4.4)
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4.2 Deutsc h's Algorithm

where denotesaddition modulo 2.2 We also note that

joijli
— P

Ur jxi pl—éjxiﬁo f(x)i  j1 f(x)i]

< jxi @ -éli ; f(x)=0
jxio W () =1

=( 1)f(x)jX| jOI éjll

After passingthrough the U; gate, then, the circuit is in the state

- (1 joi +11| joi _ jli
8 é T2

Ur | 1)

2
]0I+]1I joij Li . — —
b L () =f@)=1
jOInj 1i joij 1 . -1 -
o L =1 f()=1

Jo'nl LB f0)=0f@)=1
]

which can be more conciselysummarizedas

8
p 0griti 0 W £ 0) = (1)
Ui b= e e f(0) 6 f (1)
ri 'Ji ’

(4.5)

(4.6)

(4.7)

Now, the rst qubit is passedthrough another Hadamard gate, which producesthe

state 8

< joi B f(0)=f@)
jui B f(0) 6 (1)

Now, noting that
0, fO)=f@Q)
1, f(©O)6f(@)

we can rewrite the nal state of the circuit as

f) f(1)=

o Cjoi i
i outi = jf(0) ()i J—pzj—

3Addition modulo 2 producesthe following results:
jO 0i = j0i jo 1 =jii
jl 0 =jli j1 1l =joi
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4.3 The Deutsc h-Jozsa Algorithm

Thus, a measuremeh of the rst qubit will givethe valueof f (0) f (1); if this value
is O, f is constart, and otherwise is balanced. Thus, with only a single evaluation,
we have determined a global property of f .

Deutsch's algorithm, while giving a 50% speedup over the fastest classical al-
gorithm for the sametask, is not a particularly stunning result. It contains the
seeds,hwever, from which the other known quantum algorithms grow. Deutsch's
algorithm rst throwsits quantum registerinto an even superposition and then pro-
ceedsto evaluate a function and interfere the outcomesto obtain its nal result. We
will seethis pattern againin ead of the other algorithms preseried in this section.
Next, we presen the n-qubit extensionof Deutsch's algorithm, which, while similar
to Deutsch's algorithm, has a more impressiwe result.

4.3 The Deutsc h-Jozsa Algorithm

The Deutsch-Jozsaalgorithm is the n-qubit generalization of Deutsdh's algorithm,
rst published in a paper by Deutsch and Jozsain 1992[9]. Again, we presert here
an improved version of the algorithm from Cleve et al. [8] and Nielsenand Chuang
[1].

Supposewe have a function f , now de ned such that f : f0;1g" 7! f0; 1g for even
n, that is guaranteed to be either constart or balanced. Our goal is to determine
with certainty which category f falls into. Classically this would require, in the
worst case,2" 1+ 1 ewaluations of f, since we could get 2" 1 0's before nally
getting a 1. Quantum mechanically, however, this global property of f can once
again be determined with only a single evaluation of f .

The algorithm proceedsmuch as Deutsdh's algorithm did; a quantum circuit
diagram for the algorithm is shown in Figure 8. As before, the input state of
joi "jli is rst sert through a Hadamard transform. As we have shovn beforein
equation (3.32), a Hadamard transform on a quantum register in the jOi " state
producesan even superposition of all the basis states of the register, so after the
application of the Hadamard transform we have the state

K bixi joi jli
e (4.11)
x=0

where we have acted with the Hadamard transform on the j1i qubit aswell. Now,
onceagain, we usethe Us operator to evaluate the function f, which gives

ROk joi i
- b

2" P

U i

: (4.12)

NI

x=0

“A constant n-qubit function is one that givesthe sameresult for any input, and a balanced
n-qubit function is one that returns one result for exactly half of its inputs and a secondresult for
the other half of its inputs.
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4.3 The Deutsc h-Jozsa Algorithm

jOi?LH N4 x X HH "
U

jLi H y y f(x)

Figure 8: A quantum circuit to implement the Deutsch-Jozsaalgorithm.
The wire with a = represens an n-qubit bus and is a shorthand notation
for n wires.

as we showed before. The result of the evaluation of f on every argumert from 0
to 2" 1 is now stored in the rst register. A direct measuremen of this register
would, of course,produce only a single result. However, by interfering the qubits,
we may determine the global property of f we desire. To that end, we perform a
secondHadamard transform on the rst register. Recall from equation (3.31) that

the Hadamard transform on someregisterj i in generalproducesthe state
H"ji= (—8%: (4.13)

k

Using this, we canwrite the state of our circuit after the secondHadamard transform
as
X Xk t™jki joi jai
o P> : (4.14)
k X

Now, we measurethe rst register. It turns out that if k = 0, we know with certainty
that f is constart; if k 6 0, then f is balanced. To seewhy this is true, consider
equation (4.12). If f is constart for all valuesof its argument, this equation can be
rewritten as

jOi  jai
_pé_
Sincethe Hadamard transform is Hermitian aswell as unitary (it being both sym-
metric and real), the secondHadamard transform on this state produces
n JOi jai

_pé_

Thus, when every qubit in the rst registeris O, f is constart. If f is balanced,we
cannot make the simpli cation in equation (4.15), and at least one qubit in the rst
register will be nonzero.

Uj i= H "joi " (4.15)

jOi (4.16)
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4.4 Grover's Algorithm

Amazingly, then, we have achieved an exponertial speedupover the bestclassical
algorithm for solving this problem, reducing the worst case number of function
evaluations from 2" 1+ 1 to a single evaluation.

4.4 Grover's Algorithm

Now that we have seensomeexamplesof simple quantum algorithms, we move on
to an algorithm with practical application. Supposewe have an n qubit databaseof
unsorted data, and we wish to nd elemeris that match a certain criterion. Since
we are assumingthat there is no structure to this database, the best we can do
classicallyis simply to seard through the ertire databaseuntil we comeacrossthe
elemen we seek. For an N = 2" elemen database,this will require O(N) queries
to the database. Howewer, the quantum algorithm due to Grover can speedup the
seard for this \needle in a haystack" [10], allowing usto nd the desiredelemer in
only O( N) steps. We begin by preseriing the algorithm itself, and follow with a
discussionof why the algorithm works. Finally, we presern an alternate generalized
form of the algorithm.

4.4.1 Pro cedure

As with the Deutsdh-Jozsa algorithm, Grover's algorithm begins by applying a
Hadamard transform to the jOi " state, giving us the familiar even superposition

.. 1 Xt
H "joi "= p— pxi: (4.17)
2n
x=0
We next apply seweral instancesof the so-calledGrover operator G.

The rst part of the Grover operator is a black box known as an oraclethat can
recognizethe desiredelemerts of our database®This oracle O marks such states by
giving them local phaseshifts of radians; the internal workings of the oracle are
not speci ed by the algorithm. We can write the action of the oracle as

Ojxi =( 1)* jxi; (4.18)
wherej i represens a solution of the seard problem. We also note that

O=1 2jih]j (4.19)

It may seemas if the existence of an oracle that knows that answer to the search problem
obviates the need for the rest of the seard algorithm. There are instances, however, where it is
possibleto recognizethe solution of a seard problem without knowing the solution, especially when
using quantum parallelism. Consider what happenswhen the oracle operateson a quantum register
and one of the states in the register is the target state of seard problem. The oracle will mark this
state, but without the rest of the seard algorithm, there is no way to tell which state has been
marked since all the basis states of the register are entangled. In this case,even though the oracle
can recognizethe solution, it cannot be usedto nd the solution by itself.
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4.4 Grover's Algorithm

since
(I 2jihjjxi=jxi 2jihijxi=jxi 24 ji
_ b 2= ji; o x=
i X 6
=( 1> jxi: (4.20)

The next part of the Grover operator is a Hadamard transform H ". We then give
every elemen of the databaseexcept for the jOi element a phaseshift. Just as
we can write the action of the oracleasin equation (4.19), we can write this step as
an application of the operator

2j0i hoj |I; (4.21)

where the signsof the two halves of the operator are reversedsince we are shifting

the phaseof every elemen exaept the 0" elemert; that is, we are performing the

transformation jxi ! ( 1) o jxi. Finally, the Grover operator contains a second
Hadamard transform. The full Grover operator thus can be written

G=H "(2j0i hoj 1)H "O: (4.22)

In the next section, we discussexactly what the operator does; we also calculate
how many times it must be applied.

After applying the Grover operator, all we must do to complete the algorithm
is measurethe register; with an arbitrarily high probability, the measuredstate will
be one of the desiredtarget states.

4.4.2 Inversion about the Mean

The questionremainsasto what the Grover iteration actually does,and why it per-
forms a databaseseard1. Considerthat the essetial operation of Grover's algorithm
is to take someinitial statej i and transform it into sometarget statej i. For the
algorithm to work, then, repeated applications of the Grover operator must change
the one vector into the other. Let us de ne a two dimensional spacespanned by
vectorsj i andj i wherej i isanevensuperposition of the solutionsto our seart
problem and j i is an even superposition of the nonsolutions; let us furthermore
supposethat there are N statesin our databaseand M solutions. Normalizing these
two vectors, we have

1 X
jii= p—— jxi (4.23)
N nonsol utions
and 1 X
= jxi (4.24)

solutions
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4.4 Grover's Algorithm

We can reexpressthe initial even superpositiorbin terms of these new vectors (for

corvenience,we make the de nition j i = a@lW «JXi). Since
!
1 X X
j i =p= jXi + pxi (4.25)
nonsol utions solutions
we have
o 1 N
j 1= p= P N Mji+ Mji
r NN M v
= i+ —j i .
N j i Nj i (4.26)

Now we can seewhat the Grover operator doesto the vectorj i in this space.
The rst part of the Grover operator is an application of the oracle. Recall that the
oraclegivesa phaseshift to all solutions of the seard problem; thus, by de nition,

r r ! r r
o N M. M. . N M. | M. .
= + = —j i .
Oj i=0 N j i le N le (4.27)

This amounts to a re ection of j i about the j i-axis. The other part of the
Grover operator, H "(2j0i hOj 1)H ", can be rewritten in our current notation

as2j i h j |. Comparing this form to the form of the oraclein equation (4.19), we
can seethat this secondpart of the Grover operator is alsoa re ection in the plane
dened by j i andj i, this time about the original vector j i. This operation

i§ often called inversion about the mean; consider its action on a general state
K kIKi:
!

X X
@jihj 1 ciki = [2«j ihjki o «jki]
k k 2 3
X X X
= 4% jii hjjki ~ «jki5
k i
2 3
X 2,%X X o
= 4Wk jkJ1 kjk|5
K i
" #
X 2 kX X .
= ~ i [ kikil: (4.28)
k i k

e now swap the summations and de ne the average value of to be h i
k k=N to obtain

" #
X X 2, X X X
i <jki = 2hijii N (4.29)
i k k i k
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Finally, we relabel the dummy index i by k, obtaining a nal state of

[+ 2hiljki: (4.30)
k

The two halvesof the Grover operator thus ead perform a re ection in the same
plane, and since the product of two re ections is a rotation, the Grover operator
e ectiv ely rotates the starting state towards the vector of solutions, asis shown in
Figure 9. Continued applications of the Grover operator rotate the state closerand

S0j i

Figure 9: The action of a single application of the Grover operator on the
statej i.

closerto the solution vector, while remaining in the samespace. Sohow many times
must we apply the Grover operator to have a good chanceof nding a solution?
Let us make the de nition that
r

M
= : 4.31
0032 N ( )
This de nes the triangle in Figure 10, suc that
v
in- = — 4.32
sin 5 N ( )
We can therefore reexpress] i as

o iesineii- '

joi COSZJ i smzj i (4.33)
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Figure 10: The triangle de ned by equation (4.31).

Now, as can be seenfrom Figure 9, the Grover operator rotates j
radians; the oracle's re ection e ectiv ely rotates the state by
subsequeh re ection about j i rotates the state by 2 radians.
We can now quantify the number of times we must apply the Grover operator
to our systemto rotate j i closeto j i. Consider again equation (4.26); our goal
is to rotate this st%ecliseto the vectorj i. We now shaw that rotating through
anangle = Cos! M=N will takej i toj i.

First, we note that is the complemert of =2. Thus, we can easily write down
a rotation operator in the fj i ;j ig basis. We have

i by exactly
radians and the

0 q_ q 1
cos sin % NNM
Ug = ) =@q q-~ A: (4.34)
sin cos N M M
N N
We now operate onj i, which in this basisis
0q 1
N M
ji=@ q%A (4.35)
N
to obtain
q—q —q !
. %NNM %NNM _ 0 _ ...
Urj i = NoM o, M = 4 =i (4.36)
N N
as claimed.
Since every application of the Grover operator rotates j i through radians,
we must apply it q_
oo Cost M

(4.37)

. In actuality, we require R to be an integer, and so R

times to rotate j i toj i
is actually the integer closestto the value in equation (4.37). We now simplify this
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4.4 Grover's Algorithm

rather unwieldy expressionby noting that, sincethe maximum value of Cos?tis =2,
the upper bound on R is I m

R — (4.38)

For M N=2 (we will explain this restriction shortly), we have, using equation
(4.32),

(4.39)
p
so that 2 M=N and & ,
N
- — 4.40
4 M ( )
Thus, as stated earlier, Grover's algorithm will run in O(p N) time.
Now, to seewhy the above expressionwas limited to the caseof M N=2, we

derive an expressionfor sin . First, let us apply a half-angle identity to equation

(4.32), giving us . r

.1 cos _ M
Simplifying, this equation describesa triangle sud that
N 2M
cos = —— (4.42)
N
Using this triangle, we have
2IO M(N M)
sin = ?: (4.43)

Examining this expression,we canseethat asM increasesfrom N=2to N, becomes
smaller, and thus R increases. Thus we have the strange behavior that Grover's

algorithm performs worse for databaseswhere more than half of the elemeris are

solutions. Odd asthis behavior is, we may escage from it simply by adding another

N nonsolutionsto our database. In this case there will de nitely be morethan twice

as many nonsolutions as solutions, and Grover's algorithm will perform optimally,

with the samecomplexity as derived above.

4.4.3 An Alternate Approac h

The above discussionof Grover's algorithm seemsintimately connected with the
properties of the Hadamard transform, as it appearstwice in the Grover operator
which is the heart of the algorithm. Grover, howewer, also published a second,more
general version of his algorithm that shows that almost any unitary operator may
be usedto seart a quantum database[11].
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Recall that the goal of Grover's algorithm is to take someinitial statej i to a
target state j i. We have showvn how the Grover operator G is able to perform this
operation, using the Hadamard transform. Now consideran operator Q, de ned as

Q= | Wy (4.44)

where
I =1 2jihj (4.45)

and U is somearbitrary unitary transformation. We now operate with Q onj i:

Qji= 1UNUjI
=F]2j ihj DU 2jihjuji _
[
= 2jihj 4jihjujihju 1+20Y)ihjuji: (4.46)
De ning
U =hjuji; (4.47)
we have
Qji= 1 4ju > ji+2u UWji : (4.48)

This result suggestshat we examineQ inthe | i ;UYj i basis. Tothat end, let
us calculate Q UYj i :

Q Wji = I U U UYji
:&2j ihjpuY(a 2j ihj)uuyji _
i
= 2 ihjuy 4jihjuYjihj U+20Yjihjji
= UYj i 2U ji: (4.49)
Thus, we seethat Q presenesthe spacespannedby j i;UYj i , and we can
write it in this basisas
ji 1 4ju j® 2u ji
Q wji ~ 2U 1 uYj i (4.50)

Now, we know that jU j2, being a normalized probability, is lessthan one. Assum-
ing that both it and its assaiated amplitudes U and U are small, we can view
Q as a rotation of roughly 2jU j in this space,from j i to UYj i. Thus, using
similar logic as above, Q can also seard a database,using any corveniert unitary
transformation.

So how many times must we apply Q to attain a high probability of nding a
solution? In any situation of interest, we know that j i and UYj i are closeto
orthogonal. If they were not, then the bracket h jUj i would not be small, and
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so there would be a nonnegligible probability that an obsenation of Uj i would
produce j i. If this were the case,then by simply conducting seweral repeated
experiments, | i could be readily determined. Thus, the angle betweenj i and
UYj i must be roughly =2. Since every application of Q rotates the state by
roughly 2jU j, we must apply Q

1
T2 20U T AU |
1
U] (4.51)
times. Thus, we have that
jiouQ "ji: (4.52)

Finally, let us recreatethe original Grover operator G from Q. Recall that
G=H "(2j0ihoj 1)H "(I 2jihj); (4.53)
which in our presert notation is
G=U( IguYl ; (4.54)

usingH " = U = UY. Now, we note that

UYGU = UYU( 1o)UYl U

1oUYI U
= Q: (4.55)

Thus, the Grover operator G may be written assimply a unitary transformation of
the generalizedGrover operator Q. We may alsorecover the complexity of Grover's
algorithm, as follows. We have shown that the generalizedversion of Grover's al-
gorithm is of ordﬁr_O(lsz j). Thus, to recover the standard Grover's algorithm
complexity of O(" N). We want

H"O0 = pﬁ: (4.56)
This is simple to show. First, we have
I
1 Xt
H "0 =nhj pﬁ jii (4.57)

Sincej i is orthonormal to exactly one of the kets in the sum (assuBﬂﬂga single
solution to the seard problem), this bracket collapsessimply to 1= N, and we
recover the complexity of the original Grover's algorithm.
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4.5 Shor's Algorithm

4.5 Shor's Algorithm

Even though the eld of quantum computation was born in 1985 with Deutsch's
seminal paper [3], it was not until 1994, when Shor rst published fast quantum
algorithms for factoring and nding discrete logarithms, that quantum computa-
tion becamea major eld of researti. Classically factoring is a dicult prob-
lem; while it has not been proved to be an exponertial time problem, the best
known classic?l algorithm,2 known as the Number Field Siew, runs in a time of
O(exp((logN)z(loglogN)3)) for a number N [12]. Amazingly, Shor's algorithm
can factor a number in only O((log N)?(loglogN )(log loglogN)) steps [13]. The
vast di erence between these two time complexities can be seenin Figure 11, in
which ead of these functions is plotted against the logarithm base2 of N, which
givesthe number of bits in N when N is represened in binary.

The intense interest generatedby the publishing of Shor's factoring algorithm
sprang not only from the fact that his algorithm was exponertially faster than the
best known classicalalgorithm, an impressive result in and of itself, but alsofrom a
more practical perspective. Sincefactoring haslong beenassumedto be a di cult
problem for large numbers, it was used as the basis for the RSA cryptosystem,
one of the most widespreadcryptosystemsin usetoday. Thus, a working quantum
computer running Shor's algorithm could quickly and e cien tly gain accesgo huge
amounts of encrypted data. Needlessto say, this prospect generated widespread
interest.

45.1 Num ber Theoretic Background

Shor's algorithm relies on a trick from number theory for its e ciency. It is well
known that the problem of factoring a composite number may be mapped into the
equivalent problem of nding the order of a periodic function. Following Nielsen
and Chuang [1] and Ekert and Jozsa[14], we now present this reduction.
SupposeN is a positive integer and x is someinteger relatively prime to N such
that 1 x < N. We de ne the order of f (xX) = x mod N to be the leastr suc
that x* 1 mod N. Finding such anr givenx and N is referred to asthe order-
nding problem, for which there is no known e cien t classicalalgorithm. It is this
order- nding problem for which Shor determined an e cien t quantum algorithm.
The heart of the reduction of factoring to order nding is the following theorem:

Theorem 4.1 Let N be a composite number and let x be a nontrivial solution to
x> 1 mod N (4.58)

in the rangel x < N, with gcd(x;N) = 1. We dene a trivial solution to
be x 1 mod N. Then, at least one of gcd(x + 1;N) or gcd(x 1;N) is a
nontrivial factor of N.
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Figure 11: Here, we plot the time complexities of the Number Field Siewe
algorithm and Shor's algorithm versusthe number of bits in the number we
wish to factor. Note that the numbers on the vertical axis have little ab-
solute meaning; in somesensethey measurethe number of computational
steps necessaryto complete the algorithms, but the computing device on
which thesestepsare performedis not speci ed, and soneither is the abso-
lute number of steps. Much more important is the shape of the curvesand
the relative function values. Comparing these, it is clear that Shor's algo-
rithm is vastly faster than the Number Field Sieve. Most computers today
use 128 bit numbersin their encryption schemes;it is clear from this plot
that numbers of this length are more than adequateto protect information
from today's computers. A quantum computer running Shor's algorithm,
howewer, could easily break such encryption.
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4.5 Shor's Algorithm

Pro of Let usbeginby rewriting x> 1 mod N asx?> 1 0 mod N. It is then
clear that N must divide x2 1= (x+ 1)(x 1). Thus, N must have a common
factor with either (x + 1) or (x 1). Recognizingthat 1 mod N = N 1, the
condition that x is not a trivial solution becomes

1<x<N 1 (4.59)

which in turn leadsto
X 1< x+ 1< N; (4.60)

and sothe commonfactor cannot be N itself. Thus, either gcd(x + 1; N) or gcd(x
1;N) must be a factor of N..

Now let x y'*2 mod N where r is the order of y mod N. Squaring this
expression,we have
x> y* 1 modN; (4.61)

where the secondequality follows from the de nition of the order. It is then clear
that oneof gcd(y'™+ 1;N) or gcd(y'™ 1;N) is a nontrivial factor of N. Thus, by
nding the order modulo N of a number relatively prime to N, we can nd a factor
of N. Sincethere exists a fast classicalalgorithm to nd greatestcommonsdivisors
(see Appendix B), an e cien t algorithm for order nding can easily be mapped
into an e cien t algorithm for factoring. In the following section, we present Shor's
guantum order nding algorithm.

4.5.2 Order Finding

As showvn above, the factoring problem is easily reducedto the problem of nding
the order of a periodic function. The heart of Shor's factoring algorithm is thus
an e cien t order nding algorithm that dependscrucially on the properties of the
guantum Fourier transform, aswe will now show.

Let us de ne a unitary transformation U; suc that

Ur jxi jOi = jxi jf(X)i; (4.62)
where
f(x)=y* modN; (4.63)

wherey is chosensud that gcd(y; N) = 1sothat y and N arerelatively prime. This
modular exponertiation operator can be implemented e cien tly;for our purposes,
howewer, we treat it simply as a black box. Now, let us begin the order nding
algorithm by initializing two quantum registersto jOi 9, where g is a power of two
satisfying N2 q 2N2:

j of =joi '099jgj legd, (4.64)
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4.5 Shor's Algorithm

This choice of g ensuresthat the quantum Fourier transform we use momentarily
may be computed e cien tly. Note that j i is a tensor product of logqg qubits
becausewe are here represening numbers in binary, and logq is the number of
bits in the number g. We then apply a Hadamard transform to the rst register,
obtaining

1 X? ,

H '099j oi = p—  jxijoi '99=j ji: (4.65)

qx=0

Now, we apply the U; operator de ned above to this state:

1 X4
U j 1 = p=  Jxi jf(X)i: (4.66)

q x=0
Now, we measurethe secondregister, obtaining somevalue yg. Becausethe two
registers were entangled by the Us operator, this measuremeh projects the rst
register into a superposition of all x sud that f (x) = yo. Let us dene xo to be
the smallest such x. We know that yo = y*© mod N. Letting r be the order of f
modulo N, we alsoknow that yo = y*°*k" mod N for k 2 [0;K ] whereK is de ned

as
K= 4 rxo : (4.67)

Incorporating theseideas, the state of the system after the measuremen is

1 Xt o
ji=p= jXo+ Kkri jyoi : (4.68)
K k=0
At this point, the secondregister has sened its purpose,and we drop it from our
discussion. Now, let us apply an g dimensional quantum Fourier transform to the
rst register, where the Fourier transform operator is

1 X L .. 2 b .
Fqo= p= jcie @ hhy: (4.69)
b;c=0
This givesus the state
1 K1 X L 2 ibc
Fqi 1 = p= jci e a hojxo+ kri
qK k=0 b;c=0
" #
X 1 1 5( 1 2 i(xgt+kr)c
= p— e q jci
c=0 ,, 9K k=0 | #
X 1 1 5( 1 2 ikrc 2 ix gc L.
= 19—T e « e 9 jci: (4.70)
c=0 q k=0



4.5 Shor's Algorithm

Using the orthonormality condition for complex Fourier series,

€T e =Q (4.71)
=0

and the fact that K  g=r, the term in parenthesesin equation (4.70) reducesto
[14]

q .
¢ ©0 mod (g=r): (4.72)

which says that ¢ must be a multiple of g=r. Let c= ] r9. Then we have

1 Xt gF
Fqi |={9—F e J? : (4.73)
j=0

A measuremen of this register will now give us somec suc that
C —
q
where c and g are known. By using a cortinued fractions expansion (see App endix
B), we can now determine the period r.
In our discussionof the order nding algorithm above, we have assumed(equa-
tion (4.72)) that the Fourier transform generatesconstructive interferenceonly for
those c that are multiples of g=r. This, however, is not strictly the case.In fact, for

the algorithm to produce the order of f (x) with high probability, c needonly meet
the condition [13]

(4.74)

r
> rc mod q > (4.75)
which is equivalert to ;

jrc dqg > (4.76)

for somed. Rearranging this expression,we have

c d 1

a r 2
Again, sincec and g are known, we may nd the period r by again using a contin ued
fractions expansion. As long as this period is even, we know that at least one of
ged(y"™™ + 1;N) or ged(y'™@ 1;N) is a nontrivial factor of N. If r is odd, the
algorithm fails, and we must try again with a di erent choice of y.

(4.77)
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45.3 An Example: Factoring 15

Here, we illustrate Shor's algorithm with a relatively simple example. We chooseto
factor N = 15, asthis is the smallestcomposite number that is neither even nor the
squareof a prime. Thus, N = 15is the rst nontrivial number to factor.

First, we needto pick somey relatively prime to 15; let y = 7. We also need
a g that is a power of two and satises 15> q 2(15%); let g = 256. Using the
notation above, we begin with the state

j oi =j0i %joi B: (4.78)
The rst step of the algorithm is to apply the Hadamard transform to the rst
register, giving us
5
X 8

H 8 o = Pogg I joi °=j 4i: (4.79)
x=0

We next apply the Us operator to the secondregister, giving us

1 ®°
p—  jxi j7* mod 15
256, _,

p;:56[j0i JU + i j7i +j2i j4i + )3 j13 + j4i jLi +:::]:  (4.80)

Urj

It is clear from this expressionthat r = 4. Despite this, we continue with the
algorithm, sincein generalthe order nding problem will not be as simple. The
next step is the measurethe secondregister to obtain someyg; supposewe nd
yo = 13. The rst register will then be in a superposition of all the x valuesthat
give f (x) = 13. We can seefrom equation (4.80) that xo, the smallest of these x
values,is 3. Dropping the secondregister, just aswe did above, the state of the rst
register after the measuremen is given by

i izp%l[j3i+j7i+j1]j +j15 + :::]: (4.81)
Now, we must take the Fourier transform of j i. Using equation (4.73), we have

1 XYy o056
Fase) 1 =P € 2 = (4.82)
j=0

A measuremen of the register now will give either 0, 64, 128, or 192, eat with the
sameprobability. Now, using equation (4.74), quickly seethat, indeed,r = 4. Now,
sincer is even, we know that at least one of

gcd(72 + 1;15) = gcd(50,15) = 5 (4.83)
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or
ged(7?  1;15) = gcd(48 15) = 3 (4.84)

is a nontrivial factor of 15. In fact, ead of theseis a nontrivial factor; thus, we have
successfullyused Shor's algorithm to factor 15.
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5 Linear Optics Quantum Computation

5.1 Why Linear Optics?

Of the proposedphysical realizations of quantum computation, noneis simpler than
linear optics quantum computation (LOQC) [15]. While not a feasibly scalable
implementation, there are many advantagesto LOQC. First and foremost, the sub-
ject of quantum optics is well understood both theoretically and experimentally. A
wide range of experimental techniquesallowing the manipulation of single photons,
which in LOQC are usedas qubits, are known. Indeed, single photons provide sev-
eral choicesfor the de nition of qubits. Quantum information can be encaded in a
photon's two orthogonal polarization states, in di erent spatial modesof a photon,
or in some combination of the two [16]. In this section, we focus more on using
photon spatial modes as our qubits, since, in theory, a single photon may then be
usedto represert an ertire quantum register when sert through a multip ort beam
splitter, as shavn below.

There are also, unfortunately, some major disadvantagesto LOQC. The pri-
mary issue,and the onethat prevents LOQC from being a fully realizable solution
for quantum computation, is that the number of optical devicesnecessaryto build
guantum circuits tendsto scaleexponertially with the number of qubits. Also, when
using free spaceoptics, componert alignment canbe very challenging. Sincea linear
optics quantum computer is at its heart a complex interferometer, all the issuesin
interferometer design and construction carry over to any experimental implemen-
tation of LOQC. Finally, some multi-qubit gates are much simpler to implemert
experimentally using nonlinear optical e ects; for the most part, though, we avoid
sudh constructions due to the additional (and somewhat unnecessary)theoretical
complexity.

Even though LOQC is not scalable,it can be usedto implement small quantum
circuits relatively simply, and seres as an excellert test bed for proof of principle
experiments. In the remainder of this section, we presen implementations of a uni-
versal set of gates,aswell ascompactimplementations of the Fourier and Hadamard
transforms. Finally, we preser some sample quantum circuits implemented with
LOQC.

5.2 Optical Realizations of Univ ersal Quantum Logic Gates

Recall from section 3.4.3that a universal set of quantum logic gatesis given by the
singlequbit operationsH and T coupledwith a cortrol-not gate. We considerhere
optical implementations of these gates. We rst presen realizations of these gates
using the spatial modes of photons as qubits, followed by implementations using
photon polarization.
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5.2.1 Spatial Mo de Gates

As we mertioned briey above, LOQC circuits are in essencanterferometers. As
such, LOQC circuits are engineeredso that photons travel in one of a number of
discrete optical paths. Classically, a photon canexist in only a single path at a time;
guantum medanically, however, a photon can have someamplitude of being in a
number of di erent paths simultaneously. Thus, we can usethe location of a given
photon asquantum information, and can usethis "which-path' information to de ne
qubits. We term qubits of this type spatial mode qubits, sincethe existenceof a
photon in a particular path is an excitation of one of the optical modesof that path.
The basis states of a spatial mode qubit correspond to the existenceof a photon in
one of two paths.

As an example of a spatial mode gate, considerthe =8 gate T, the simplest
gate to implement in our universal set. The spatial mode LOQC implementation of
the T gateis shown in Figure 12. The interpretation of the right-hand side of this

T 14

Figure 12: The =8 gate operating on a spatial qubit. The shadedbox is
a phaseshifter.

gure is slightly dierent from our earlier guantum circuit diagrams. Here, the solid
lines represen not abstract quantum wires, but instead di erent paths a photon
may take through the circuit. Thus, even though the T gate is a single qubit gate,
there are two solid lines in Figure 12; a single spatial mode qubit is formed by two
optical paths. To make the T gate, we simply insert a =2 phaseshifter into one of
the two optical paths. Identifying the top path in Figure 12 with the jOi state and
the bottom path with the j1i, this optical setup will perform the transformations

joi I jOi
jui (5.1)
which, in matrix form, is
1 0
0 & = (5.2)

This, of course,is exactly the transformation performed by the T gate, and sothe
circuit of Figure 12 doesindeedimplemernt the T gate.

51



5.2 Optical Realizations of Univ ersal Quantum Logic Gates

The Hadamard gate is also simple to implement in LOQC. Recall that in the
standard computational basis,its matrix represenation is

H=ps | 7 (5.3)

A beamsplitter surroundedby two =2 phaseshifters in oneof its modesperforms
this operation on a spatial qubit, asis showvn in Figure 13 In general,a beamsplitter
will perform the transformation

Ra1 Tz

B =
Ts1 Ra

(5.4)

where R and T are re ection and transmission coe cien ts for the paths labelled
by their subscripts [17]. For a 50 50 losslessbeam splitter, R and T have equal
magnitude, and sincethe relation

jRiZ+Ti?2=1 (5.5)

must hold for re ection and transmissioncoe cien ts, this magnitude is 1:IO 2. Note,
however, that re ections introducea =2 phaseshift; there will thus be a relative
phase of =2 between the re ection and transmission coe cien ts. We choose to
assign this phase factor to the transmission coe cien ts. In this case,the nal
transformation of a 50 50 losslessheam splitter is

B=p= . ' : (5.6)

Now, if weinserta =2 phaseshifter in the b-mode both beforeand after the beam
splitter, asshown in Figure 13, the full transformation becomes

10 _ 1 1 1

1 10 1 o
i1 o i P51 1 TH (5.7)

and soimplemernts the Hadamard gate.

The last gate in our universal set, the control-not gate, is more challenging
to implement, and cannot be implemented fully deterministically using only linear
optics [15. The method we will use employs a quantum nondemolition (QND)
measuremen of photon number that will function asa conditional phaseshift [18].
While a QND measuremeh employs a nonlinear optical device, namely a medium
displaying the optical Kerr e ect [19], optical QND measuremets are well under-
stood and do not add signi cantly to the circuit complexity for our purposes.For a
more careful treatment of optical QND measuremets, pleaseseeAppendix C.

The control-not gate is shown in Figure 14. Recall that, in the standard basis,
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Figure 13: The Hadamard gate on a spatial qubit. The diamond is a
beam splitter, and it is surroundedby =2 phaseshifters in the b spatial
mode.

1 Y
Photon 1 0 \:J
|
:QND

O OTL
Photon 2 0 H H

Figure 14: Control-not gate implemented with a QND as a conditional
phaseshift.
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5.2 Optical Realizations of Univ ersal Quantum Logic Gates

a cortrol- not gate hasthe following matrix represenation:

0
CN=%

In the setup shown in Figure 14, the dual-photon transformations before and after
the QND have the form

1
000
1006
00 1A"
010

(5.8)

O OO

0 1
1 1 0 O
“B1 10 0§,
| H—%O 0 1 1 X° (5.9)
0 0 1 1

In the photon number basi€, also known asthe Fock basis,the QND measuremeh
operator is given by [20] _
Q=¢ MM (5.10)

where is the magnitude of the conditional phaseshift, n1 is the photon number
operator for photon 1in mode , andn, isthe photon number operator for photon 2

in mode . Wespecifythat = , which, although di cult to obtain experimertally,
will allow usto construct a cortrol-not gate. Thus, in the standard basis,the QND
measuremet is given by 0 1
1 00 O
~Bo1o0 o §
Q= 001 0 : (5.11)
000 1
Thus, the full transformation performed by the circuit in Figure 14 is given by
0 10 10 1
1 1 0 O 1 00 O 1 1 0 O
_1100%%0100%%1 10 0
(I H)Q( H)‘%0011 001 0 00 1 1
0O 0 1 1 000 1 O 0 1 1
0 1
1 000
~_Bo1o o§_
= %O 00 1K: (5.12)
0010

which is exactly the cortrol-not gate.

Sthat is, the basis where the labels in the kets refer to the number of photons presert in the
system.
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5.2 Optical Realizations of Univ ersal Quantum Logic Gates

5.2.2 Polarization State Gates

Before shaving implementations of these universal gatesusing photon polarizations
asour qubits, we rst discussthe optical deviceknown asa waveplate. A waveplate
is a birefringent crystal that introducesa phaseshift betweenthe ordinary photons
polarized along the slow axis of the crystal and the extraordinary photons polarized
along the fast axis [21]. Usingjoi and jei asthe ordinary and extraordinary axes,
respectively, this transformation is given by

Uwp = joi hoj + € jei hej: (5.13)

Let us label the horizontal and vertical photon polarization basesasjHi and Vi,
respectively. For a waveplate oriented at someangle to the horizontal and vertical
polarization axes,asshown in Figure 15, we cantransform betweenthesetwo bases

e Vi

\ joi
\ -7

\ - jHi

Figure 15: Geometry for a waveplate oriented at an angle .

using the following unitary rotation:

_ hojHi hojvi cos sin )
RO)= 1ejHi rejvi = sin cos (5.14)
Now supposea photon in an arbitrary polarization statej jni = yjHi + yjVi
enters the waveplate. Rotating into the fj oi ;jei g basis,we have
j ni=( nHcos + ysin)joi+( ysin + ycos)je: (5.15)
Now we can apply the transformation e ected by the waveplate:
J outi = Uwp] inli
=( ycos + ysin )joi +€ ( ysin + ycos)jei: (5.16)
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Finally, we must rotate badk into the fj Hi ;jVi g basis. The nal state is
j owi = w cog +¢€ sin? + > vsin2 1 € jHi+

1 . i
~— psin2 1 €

5 + v sin> +¢€ cod  jVi: (5.17)

It is clear, then, that a waveplate performs the transformation

cod +¢€ sin® 3sin2 1 ¢

WP()= isin2 1 € si® +¢€ co¢

(5.18)

Now, using waveplateswe can implement quantum gates. The =8 gate can be
constructed using an eighth waveplate. An eighth waveplate intro ducesa phaseshift
of an eighth of a wavelength, and so = =4. For an eighth waveplate oriented at
0 , equation (5.18) reducesto

1 O

EWP(0) = 0 d =

(5.19)

which is the =8 gate.

Finally, half waveplate createsa phasedi erence of half a wavelength between
the ordinary and extraordinary photons, and sohas = . In general,then, for a
half waveplate, equation (5.18) reducesto

cos2 sin2

HWP() = sin2 cos2

(5.20)

A half waveplate oriented at an angleof 22.5 , then, will perform the transformation

1 1

1
HWP@25)=p> | 7

(5.21)
which is a Hadamard gate.

The cortrol-not gate (along with every multi-qubit gate) is dicult to imple-
ment using only polarization states. Most LOQC schemes,however, usepolarization
for only a single qubit, if at all. It is very simple to construct a cortrol-not gate
using one spatial mode qubit and one polarization qubit [22]. Either qubit may be
usedasthe control qubit.

As shown in Figure 16(a), placing a half waveplate oriented at 90 in the spatial
mode of a photon represetting j1i implements a cortrol-not gate with the polar-
ization qubit asthe target qubit. The polarization qubit can be usedasthe cortrol
qubit by utilizing a polarizing beam splitter, as shawvn in Figure 16(b).
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Figure 16: Hybrid spatial mode/polarization cortrol-not gates. In eat
circuit diagram, the top line represens the spatial mode qubit while the
bottom line represeits the polarization qubit. (a) Using a half waveplate
as a polarization rotator in the j1i path createsa cortrol-not gate with
the polarization qubit asthe target qubit. (b) Here, the target and cortrol
qubits are reversed. The shadeddiamond is a polarizing beam splitter.
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5.3 The Fourier and Hadamard Transforms

The two most important transformations usedin the known quantum algorithms
are the Fourier and Hadamard transforms. While ead of these can be built from
the universal gate set described above (where we are di erentiating the one-qubit
Hadamard gate from the n-qubit Hadamard transform), LOQC provides more com-
pact implementations of eadr. We considerthe quantum Fourier transform rst.

Consider a symmetric multip ort beam splitter [6], which is a straightforward
generalization of the two-port beam splitters we discussedearlier. A symmetric
multip ort beam splitter is simply a devicewith asmany input ports asoutput ports
that cantake a beamof light from any of its input ports and divide it equally among
all its output ports. Here we show that a symmetric multip ort beam splitter can
implement the quantum Fourier transform on the spatial modesof a photon qubit.
For theoretical simplicity, we once again assumelosslessoptical componerts. An
N N symmetric multip ort beam splitter, where N = 2" and n is the number of
qubits, performsa unitary transformation Withbthe de ning characteristic that every
matrix elemen hasa common modulus of 1= N [23]. We will now show that any
such unitary transformation can perform a quantum Fourier transform. We begin
by shawing that any such matrix may be written in a so-calledreal bordered form
by factoring out two diagonal matrices, which may be identi ed with phasesof the
input and output beams[24].

Lemma 5.1 Let U bean N N matrix such that every element has a common
modulus; we will assumea unimodular matrix for simplicity. Then for diagonal

matrices 0 1
1
Dy = % ? g (5.22)
N
and 0 1
1
D, = % z § (5.23)
N
where 1
s
= i 5.24
K Uy (5.24)
and 1=
uz -
K= =K : (5.25)
U11

U = D1UD,, where the rst row and rst column of U° are entirely ones. Sucha
matrix is called real bordered.
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Pro of Sinceboth D1 and D, are diagonal, thei( matrix elemens must be their
eigernvalues. All the ¢ and ¢ are of the form € becauseof the assumption of
unimodularity. Each must therefore be unitary. Using this fact, we de ne

u°= DJUD?: (5.26)
Furthermore, we have that
. = 52;- - (5.27)
Ugs
and -
U
K= > (5.28)
U
Now, let us nd U Multiplying the matrices together, we have
0 10 10 1
1 U1 Uin 1
u'= % B . KB X
N Un1 UnnN N
0
0 1 U1 1 Uz 5 Uin
_ %) ! _ g Uz, Uz, U
0 N Uni: 1 Un2 o 1UNN N
1U11 1 1U12 2 1U1N N
_ oU21 4 U225 2Uon N . (5.29)
NUNT 1 nUN2 2 NUNN N
Thus, an arbitrary elemen of U®is
Ug = sUst ¢: (5.30)
Using our expressionsfor |, and , we have
uz " UnUg
UJ = Uy —ts = % 5.31
VAV Us1Us &1

It is clear, then, that UCis real bordered:; replacing either s or t with 1 makesthe
entire fraction 1.

Now let us apply the unitarit y condition to the U°de ned in the above lemma.
Unitarit y says that
u%ul=1: (5.32)
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We must therefore have

X o 0 X 0
U i Uyt = UlsUkt = st (5.33)
k k

The matrix elemerns of the quantum Fourier transform, indexing from zero, are
given by

1 e
Fst = pﬁez =N (5.34)
Inserting this solution into the unitarit y condition, we have
X 1 X . L
FSkukt - ﬁ e 2 |ks=Ne2 ik t=N (5_35)
k k

which is the orthonormality condition for Fourier series,and thus is equalto .
Thus, a solution consisting of the quantum Fourier transform matrix elemerns is
consistert with unitarit y.

We have thus shown that a symmetric multip ort beam splitter, and indeed any
unitary transform with elemeris of common modulus, can perform the quantum
Fourier transform. The quantum Fourier transform can also be usedto simulate
the action of the Hadamard transform on the jOi " qubit, an essetial rst stepin
many quantum algorithms. A proof of this is showvn below.

Lemma 5.2 The quantum Fourier transform and the Hadamard transform produce
the same output state when applied to the input state jOi "; that is,

FnjOi "=H "joi ": (5.36)

Pro of In the standard basis,the matrix represenation of jOi " is

0o 1
1

B
: (5.37)
0

and so therefore, jOi will only be aected by the rst column of the matrix
represermation of any operator acting onit. Let usconsiderthe matrix represenation
of the Fourier transform in this basis, as given in equation (5.34):

n

1 i koo
Fik = p?ez I k=2". (5.38)
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In the rst column of this transformation, k = 0, and thus Fjo = 1 for all j. Thus
the transformed qubit state will be

0 1
1
1 1
p% : : (5.39)
1

which is an even superposition of the 2" basis states of the Hilbert space of n
qubits. But this is exactly the transformation e ected by the Hadamard transform
on n qubits, H ", and so

FnjOi "=H "joi "; (5.40)

as desired.

5.4 Some Simpli cations

In the above sections,we have shavn that LOQC is, at least theoretically, a feasible
physical realization of quantum computation. Unfortunately, LOQC's poor scala-
bilit y will limit it to the domain of small quantum circuits. In this domain, however,
there are somesimpli cations that can be madeto make LOQC more robust.

First, we addressthe issueof the alignment of optical componerts. Becauseof
the precision necessaryto implement LOQC, the alignment of the necessaryfree
spaceoptical componerts can be very challenging. This problem may be solved by
using b er optics technology. Usingoptical b ersremovesthe di cult y of alignmert,
and makesthe entire quantum circuit more compact. The greatest simpli cation
comesin replacing any multip ort beam splitters, perhapsthe most di cult elemen
of LOQC to implement, with symmetric N N b er couplers, which perform the
sametransformation on the spatial modesof a photon. Additionally, N N couplers
provide a simple way of performing the inversequantum Fourier transform, just as
they do for the transform itself. The inverse quantum Fourier transform matrix
elemeris are given by

(Fu) *= pe 2 N; (5.41)
These can be obtained simply by changing the labelling of the output ports of the

b er coupler, as shown in Figure 17 [25].
Mathematically, this relabelling is represened by multiplication by the operator
0

100 0
000 1

U=g: : : o (5.42)
001 0
010 0
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1
Fx Fy
m jmt
N 2N N 2 2

N N N N
1 1 1 N
0 0 0 0

Figure 17: N N b er couplers for performing the quantum Fourier
transform Fy and its inverseF L

This operator leaves the 0" row untouched while swapping the 15t row with the
N 15 row, the 2" row with the N 2"d row, and soon. In general,then, we are
swapping the (Fn)st and (Fn)(n ) elemerts of the transform, where 0 < s < N.
We then have

1 . _ 1 ) -
(FN)(N st = pﬁez (N s)t=N - pﬁ e i t g 2 ist=N
1 .
= pﬁe 2 ist=N _ (FN )Stl; (543)

asdesired.

5.5 Sample Optical Quantum Circuits

Here we present two circuits that implement Grover's algorithm [10]. The rst
circuit seartesa two-qubit databaseusing two spatial modesand the polarization
of single photon asits qubits, and is due to Kwiat et al. [16]. The secondcircuit is
an extensionto n qubits using linear integrated optics, and is a simpli cation of the
circuit preseried in Howell and Yeazell[18§].

5.,5.1 Two0-Qubit Circuit

Recall that Grover's algorithm proceedsas follows: rst, we initialize our register
of qubits into an even superposition of all the basis states of that register. We then
invoke an oracle that givesa phaseshift to the desired target state. We then
perform a Hadamard transform on the register, followed by a phaseshift to every
elemert exceptthe jOi elemen. Finally, we perform another Hadamard transform
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on the register. This processmust in general be repeated, but for the two-qubit
register preseried in the following circuit, one execution of the main algorithm is
su cien t to transfer all the probability amplitude to the desiredtarget state. As
mertioned above, the two qubits will be the polarization state of a single photon and
two spatial modes. In Figure 18, we usethe gatesdescribed above to implemert the
algorithm directly. We have simply usedthe gate constructions developed earlier in
this section and laid them out according the Grover's speci cation.

i 10

i 11i

(o]
o
N

3.00

_ j 00
225 >

a jO1li
225 = 225
A I g
7] R U
A ?
] — c . 225
{00 L
I \V
a

22:5

Figure 18: Optical circuitry to perform Grover's algorithm on a two-
gubit database. The lightly shadedelemers are phase shifters while the
darkly shadedelemeris are half waveplates. At the end of eadt path lies a
polarizing beam splitter followed by two photon detectors, which perform
the nal measuremen on the circuit.

By inspection, though, we can eliminate redundart circuit elemens and combine
others, thereby creating a simpler circuit requiring far fewer optical componerts.
First, we note that operations on the spatial mode qubit commute with operations
on the polarization qubit, sincethe two qubits are noninteracting. Thus, we can
move the half waveplate from path binto path b° past the beam splitter and phase
shifter, since the waveplate acts on the polarization qubit and the beam splitter
and phaseshifter act on the spatial mode qubit. In path b° then, we have two half
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waveplates oriented at the sameangle directly next to ead other. Sincethe half
waveplate transformation as expressedin equation (5.20) is Hermitian as well as
unitary, thesetwo half waveplatestogether perform the identit y transformation on
the polarization qubit, and thus are not needed.

Likewise, we can move the half waveplate in path a to path a® where we now
have three half waveplatesin a row. Thesethree waveplatestogether perform the
transformation

HWP(22:5 )JHWP(90 )JHWP (225 ) = 1 1 11 é o1 i 11
01 _ cos sin _
10 ~ sin cos - HWP@45) (5.44)

and so thesethree half waveplates may be replaced by a single half waveplate ori-
ented at 45 .

Now, looking at the componerts acting on the spatial mode qubit, in path b°
we have three phase shifters that combine to a total phaseshift of 0, and so may
be eliminated. Similarly, the two =2 phaseshifters in path b may be combined
into a single  phaseshifter. Finally, the last phaseshifter, in path b° changes
only a global phase, since by that point the systemwill be in a pure state. Since
the nal step of the algorithm is measuremen this global phasedoesnot matter,
and sothis nal phaseshifter can be dropped.

With thesesimpli cations, the nal circuit to implement Grover's algorithm in
the two-qubit caseis shown in Figure 19.

5.5.2 n-Qubit Extension

To construct an n-qubit circuit to implement Grover's algorithm, it is conveniert
to use the alternate version of the algorithm discussedin section 4.4.3. Recall
that in this version of the algorithm, we use repeated applications of the operator
Q= 1;UYI{U to seard the database,where U is any unitary transformation and
I =1 2j ih j,that is, anidentity matrix with the elemern equalto 1.

In our circuit, we chooseU to be the quantum Fourier transform, since both
it and its inverseare easily constructed using b er couplers. The | operator can
easily be constructed by placing a phase shifter in the appropriate path of the
apparatus. A realization of the operator Q is shown in Figure 20. In this gure,
we assumethat jOi is the initial state of the computer and j2i is the target state.
As with the standard version of Grover's algorithm,, the so-called Grover iteration
performed by the operator Q must be iterated O(' N) times to reliably produce
the desiredtarget state upop measuremely and so a full circuit to implement the
algorithm would contain O(" N) copiesof the circuit in Figure 20, followed by a
measuremeh using photon detectors.
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i 10
S—D jLi
bOO aOO
I j 00
a 45
| O1li
b

[ ]

@ro>»n0

j 00 I

225

Figure 19: The \compiled" version of the Grover's algorithm circuit of
Figure 18, with all redundant componerts removed.
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Figure 20: An optical realization of the operator Q described by Grover
that may be usedto seart a quantum database. This example circuit
treats the state j2i asthe target state.
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6 Conclusion

In this paper, we have discussedmany of the certral topics in quantum computation.

Every subject we have mentioned is an area of active researt. Though quantum

computation appearsto be an incredibly promising developmert in physics, there
are very real issueswith the subject. We have not discussedheseproblemsin depth

in this paper dueto lack of space,but wetake this time to intro ducethe major issues
asseiated with quantum computation.

First and foremost, the reader must remenber that there is nothing a quantum
computer can do that a classicalcomputer cannot, given enoughtime, becauseeadh
device can compute the same class of functions. And while quantum computers
would seemto be much more e cien t than classicalcomputers at sometasks, they
have not beenproved to be so. All evidencesuggeststhat quantum computers are
more e cien t, but more work must be done to justify this belief. It is eminertly
possiblethat quantum computers are more e cien t than classicalcomputers only
in somerestricted classof problems. If this were the case,there would be no need
to construct a true generalpurposequantum computer; special purposecomputers
would su ce.

Secondly the actual construction of quantum computers is very dicult, and
is probably the largest area of researt in quantum computation today. The most
powerful quantum information processorsto date can operate on only up to ten
qubits. A quantum computer of this sizeis e ectiv ely useless:it can perform no
real computations. The two main concernsin the construction of quantum com-
puters have been decoherenceand the dicult y of e cien tly creating large scale
ertanglemert.

Decoherence,also known as quantum noise, is the processby which superpo-
sitions decay. A quantum computer requires complex superpositions in order to
operate; preverting the corruption of thesestatesis vital to successfuktomputation.
Prevention and correction of qubit corruption is thus an important area of study
in quantum computation, and seeral lines of resear® shov great promise. Chief
amongtheseis the theory of quantum error correcting codes(QECCSs), which builds
on the similar classicaltheory. The main idea of a QECC is to encade the state of
ead logical qubit in sewral physical qubits in such a way that the corruption of
the logical qubit is detectable and correctable. QECCs have been experimentally
tested and work well; however, the best known code encades every logical qubit
in v e physical qubits, further increasing the requiremerts for a useful quantum
information processor.

Decoherenceoccurs becauseof a quantum system's interaction with its envi-
ronment. Clearly, then, systemswith minimal coupling to the rest of the world
would make good quantum computers. A major problem ariseswith suc systems,
however: the smaller the coupling to the outside world, the more dicult it is to
engineerthe entangled states necessaryfor quantum computation. Conversely the
easierit is to manipulate a quantum state, the faster it will decohere. A delicate
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balance must therefore be struck to construct a quantum computer.

Becauseof thesedi culties, it is unlikely that there will be a quantum computer
on ewvery deskin the near future. To make an analogy with classical computers,
guantum computation is not yet even to the vacuum tube stage. The immense
promise of quantum computers, however, coupled with the dynamic state of the
eld today meansthat researt in quantum computation will continue, and that
the diculties noted above will be solved. Indeed, researtiers at IBM have just
recertly demonstrated Shor's algorithm experimertally [26], factoring 15into 5 and
3. Computer developmert has always proceededmore quickly than estimated, and
perhapsthe developmen of quantum computerswill be no di erent.
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A Classical Logic Gates

A classicalcomputer, at its baselevel, is a complex combination of digital circuits.
Digital circuits, in turn, are combinations of a discrete set of classicallogic gates.
In this appendix, we brie y discussthe standard set of classicallogic gates.

A classicallogic gate is a device that transforms somenumber of input binary
valuesto somenumber of output values. The simplest logic gate of all is the not
gate. A basicnot gatetakesoneinput value and inverts it. We de ne the symbol X
to be the inverted value of an input X . The action of the not gate is then speci ed
in the following truth table:

X | X
0|1 (A1)
110

In a truth table sudch as this, we place the input valueson the left and the out-
put valueson the right. Each row speci es how one particular set of input values
transforms.

Aside from the not gate, there are two other basic logic operations. Theseare
the and gate and the or gate. In their basic forms, eat of these gatestakestwo
input valuesand returns oneoutput value. We represen the and operation by and
the or operation by +. The action of thesetwo gatesis speci ed in the following
two truth tables:

X Y|X Y X Y [X+Y

0 0| O 0 0| O

0 1| O 0 1| 1 (A.2)
1 0] 0 1 0 1

1 1) 1 1 1] 1

As the not , and, and or gatesare the fundamertal digital logic gates,any digital
circuit may be built from them.

Consider now another gate, the nand gate. A nand gate is simply an and gate
with its output inverted, and sois represerted by the truth table

X Y|X'Y

(A.3)

=Pk OO

Interestingly, any digital circuit can be built out of nand gates. This is simple to
show by construction. We needsimply to show that nand gatesalonecanimplement
the not gate, and gate, and or gate.
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The simplest of theseis the not gate. Supposewe sendoneinput bit into both
input ports of anand gate. The two input bits to the nand gate must therefore be
the same,and sowe are limited to the rst and last line of truth table in equation
(A.3). But thesetwo lines (compressingthe two input bits into a singlebit) compose
atruth table identical to that of anot gate,shawvn in equation (A.1). In this fashion,
we can build a not gate from a nhand gate.

The and gate is also simple to construct. By de nition, we must simply invert
the output of a nand gate to obtain a and gate. Connecting the output of a nand
gate to a not gate (or, rather, its implementation in nand gates) su ces.

The or gate is only slightly more complicated to construct from nand gates.
Considera nand gateswith its two inputs inverted. It is simple to ched that the
truth table for this con guration is simply

0
(A.4)

e N =Re)
=)

1
0
1

But this is simply the truth table for an or gate, asde ned in equation (A.2), and
sothis con guration corresponds exactly to the or gate.

Before leaving this appendix, we mention one more classicallogic gate that is
often used: the exclusive-or , or xor gate. The xor gate behaveslike an or gate
except for the fact that it returns 0 if both its inputs are 1. We denote the xor
operation by , and its truth table is

X

(A.5)

= = OO0
O r PFr O
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B Classical Algorithms Used in Shor's Algorithm

As we shawved in Section 4.5, Shor's algorithm relies on both calculating greatest
common divisors and cortinued fractions expansions. For Shor's algorithm as a
whole to be e cien t, we must be able to calculate both of thesein polynomial time.
Luckily, there exist e cien t classicalalgorithms to nd both of thesequartities. We
presern those algorithms here.

B.1 The Euclidean Algorithm for Greatest Common Divisors

First, we de ne the greatestcommon divisor of two integersa and b as the largest
integer d greater than zerothat divides both a and b.

Euclid's algorithm for determining these greatest common divisors in turn de-
pendson the basic result known as the division algorithm. The division algorithm
is contained in the proof of the following theorem:

Theorem B.1 Leta and b beintegerssuchthata 0 andb> 0. Then there exist
integersq and r suchthat a= gb+r with 0 r < h

Pro of We prove this theorem using split induction. Let us considerbto be xed,
and let P(a) be the statemert that the theorem is true for a.

We now have b basecasesonefor eadh a< b, sothat ais in the range[0;b 1].
For eadh of thesecases,a= (0)b+ a, and sothe theorem is true in ead case,with
r = ain the languageof the theorem.

Now, for our inductiv e step, let us assumethat P(a) is true. We want to show
that P(a+ b) is alsotrue. SinceP(a) is true, we know that a= gb+r for0 r<h
Thus, adding bto both sidesof this equation, we have

a+b=qgb+r+ b= (g+ Db+r: (B.1)

Thus, the theorem still holds for the casea + b with quotient g+ 1 and remainder
r. Thus, the truth of P(a) implies the truth of P(a+ b), and sincewe have proved
b basecasesthe theorem is proved by induction.

This proof suggeststhe general division algorithm, namely that, given somea
and b we cortinually subtract b from a, increasingthe quotient by one every time,
until a is lessthan b, at which point we know both the quotient and the remainder.
We expressthis algorithm more precisely below:

Algorithm:  The Division Algorithm

q=0
repeat until a< b
a=a b
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q=q+1
end rep eat
r=a
output q, r

Now, we can move on to the Euclidean algorithm. This algorithm makesuse of
two facts. The rst of theseis that if b divides a, then gcd(a;b) = b, which follows
directly from the de nition of the greatestcommon divisor. The secondfact is the
following lemma:

Lemma B.1 Supmsea= gb+ r. Then gcd(a;b) = gcd(b;r).

Pro of Supposethat someinteger d divides both a and b. Then d must also divide
all multiples of b, and so d divides gb. Thus, sinced divides a and gb, it will also
divide their di erence, which is exactly r, sothat if d divides a and b, it alsodivides
r.

Now, supposethat d instead dividesband r. Then, asabove, d divides gb. Since
d divides gband r, it will alsodivide their sum, a. Thus, if d dividesband r, it will
alsodivide a.

Thus, we have shownn that the pairs (a;b) and (b;r) have exactly the samecom-
mon divisors, and sothen the greatestcommon divisor of the two pairs will alsobe
the same.

Using thesetwo facts, we can write down the Euclidean algorithm, which again
hasasits input integersa and bsuch that a 0 and b> O:

Algorithm:  The Euclidean Algorithm

r=1

repeat until r=20
r = (the remainder when a is divided by b using the division algorithm)
a=>b
b=r

end rep eat

output a

B.2 Contin ued Fractions

Supposex is a rational number. One simple way to represen X is by a cortinued
fractions expansion, which will allow us to expressx as a sequenceof integers. A
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contin ued fraction is an object of the form

ap + 1 1 : (B.2)
a; + 1
ap + 1
i —
an
We de ne an abbreviation for a continued fraction as [ag;as;:::;an], and further
de ne [ag;a1;:::;an] to be the n" convergert to this expression.The algorithm to

obtain a cortinued fraction from a rational number is simple; we will illustrate the
procedurewith an example. Considerx = 77=65. The rst stepis to split o the
integer part of this number and invert the fractional part:

1
Xx=1+ 55" (B.3)
12
We now contin ue this “split-and-invert' process:
1 1
1+ 5~ 1+ 54_71
12 12
5
=1+ 1
1
5+
2+ &
>
2
=1+ ;1: (B.4)
5+ ———
1
2+
2+ 2
2

At this point, the algorithm terminates, sincewe can no longer split o a fractional
part from 2. Thus, we have found the cortinued fractions represenation of 77=65,
which we can write as|[1;5;2; 2; 2].

The real power of the continued fractions method, however, comesfrom being
able to solve the inverse problem of nding a rational number given a continued

Let us make the following inductiv e de nitions:

Po ao

o 1

pr 1+ apay

h a (B.5)
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andforn 2

Ph=anPn 1+ Pn 2

Oh=anth 1t th 2 (B.6)
With thesede nitions, we can prove the following useful theorem:
Theorem B.2 Using the de nitions of p, and g, alove,

[ag;as;:::;an] = — (B.7)
foralln O.

Pro of We prove this theorem by induction on n. The basis steps are simple to
prove. For n = 0O,

Po
[ao] = ap = —: (B.8)
04
Forn=1,
1 _1+a@ _ p1
)= agt —= ———— = B.9
[ao; a1] = ao al a @ (B.9)
Finally, for n = 2,
1 ao a» + ao(1+ alaz)
yag, az] = + —— = + =
[20; 15 @2] = @ .1 ot T 1+ aay
1 a
- 21+ a)+ % _ P2, (B.10)
ajaz + 1 ) '

[ao;:::;an] = @o;iiijan 2;an 1+ —
an
8 1+ 3 Pn 2% Pn 3
= (B.11)
an 1t i th 2+ Oh 3
from the inductiv e hypothesis. But
an 1Pn 2+ Pn 3= Pn 1 (B.12)
and
an 10h 2+ Ch 3= th 1 (B.13)
by de nition, soequation (B.11) becomes
1 +
aPn 27 Pn 1 _ pn, (B.14)

ich 2t 0h 1 G
and so the theorem is proved by induction.
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To seethis processwork, we consider again our earlier example of x = 77=65.
Recallthat we found the contin ued fractions expansionof x to be[1;5; 2; 2; 2]. Using
the de nitions of p and gq above, we have

po=1 o=1

p1=6 th=5

p2=13 =11

ps=32 o= 27

pa= 77, o= 65 (B.15)
and soindeed ps=qy = 77=65.

Finally, let us shaw that gcd(pn;on) = 1, sothat the fractions produced by the
above procedure are always in lowest terms. First, considerthe following lemma:

Lemma B.2 Foralln 1, wpn 2 PnGh 2= ( D"

Pro of We will prove this lemma by induction on n. For the basecase,consider
n = 1. Then, using the de nitions in equation (B.5), we have
hPo P1to = azap (1+ apa1) = 1 (B.16)

sothe basecaseis proved.

Now, for the inductiv e step, supposethat ghnpn 1 Pnth 1= ( 1)", and consider
Ch+1Pn  Pn 10n. Using the inductiv e de nitions of p, and g, in equation (B.6), we
have

Ch+1Pn Pn+10Gh = (@n+10h + Oh 1)Pn (@n+1Pn + Pn 1)Ch
A+1 Pt O 1Pn @n+1PnOh OhPn 1
(hPn 1 Path )= (D" =( " (B.17)

where we have usedthe inductiv e hypothesis. Thus, the lemma is proved by induc-
tion.

Using this result, we can prove that the fractions produced by the continued
fractions method are always in lowest terms:

Theorem B.3 p,=q, is in lowestterms for all n 0.

Pro of For the n = 0 case,pp= is by de nition an integer, and so is in lowest
terms. For all n 1, supposethat there was somed that divided both p, and
On, and thus would divide the expressionthpn 1 Pnth 1. But, aswe have showvn
above, this expressionreducesto ( 1), sothis d must alsodivide ( 1)". The only
real integersthat divide ( 1)" areland 1, and sothereforegcd(pn; ) = 1. Thus,
pn=0, isin lowestterms for all n 0.

74



C Optical Quantum Nondemolition Measuremen ts

C Optical Quantum Nondemolition Measuremen ts

Recall that in Section5.2.1, we used a so-calledquantum nondemolition measure-
ment to construct a cortrol-not gate. In this appendix, we presert the theory
behind sucdh measuremets, especially asthey relate to quantum optics.

It is well known that any two noncommnuting Hermitian operators will satisfy a
Heiserberg uncertainty relation [27]. Becauseof this fact, sequetiial measuremets
of the samequantum medanical obsenable may not yield the sameresult. Consider
the caseof the position x and the momertum p, which satisfy the uncertainty relation

X p E: (C.1)

Supposewe make a precise measuremeh of the position; we will then have intro-
duced an uncertainty in the momertum suc that

ﬂ: (C.2)

Y

Let us suppose we are working with a free particle. The Hamiltonian”’ is thus
H = p?=2m, and the subsequen ewolution of the position is given by

R
X = it[X’H]_ E! (CS)

where we have used the Heiserberg picture equation of motion. Integrating this
eqguation, we have

x(t) = x(0) +

p(O)t |
i (C.4)

which leadsto [28]

2 2 2.
2 [ x(0)2+ @ L (C.5)

2 2
[ x@P2=[ xOpR+ 22
m

where we have used equation (C.2). This equation shows that due to the initial,
precise position measuremeh we made, the accuracy of any subsequeh position
measuremets is ruined. This can be a seriousproblem; we would like someway to
measurea systemwithout intro ducing this \back-action.” In essencewe would like
to be able to measurea quantum mecdanical systemin such a way that subsequen
measuremets of the sameobsenable can be predicted deterministically basedon
someinitial measuremeh Suc a schemeis known as a quantum nondemolition
(QND) measuremeh

Before giving an optical example of such a measuremen let us state the general

conditions that must be met in a QND measuremeh scheme. In general,we want to

"Note that throughout this appendix, we usethe symbol H to refer to the Hamiltonian operator
rather than the Hadamard transform.
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measuresomeobsenable Ag, which we term the signal obsenable. We will measure
As by coupling it to another obsenable A, which we term the probe obsenable, in
such a way that the ewlution of Ag is unperturbed. Any obsenable A for which
we can adhieve this is termed a QND obsenable.

Let us write the Hamiltonian of the signal-probe systemas

H = Hs+ Hp+ Hi; (C.6)

where the three terms refer to the signal system, the probe system, and the inter-
action betweenthe two, respectively. For a measuremen of this coupled systemto
be a QND measuremen, the following conditions must hold [28§]:

H, must be a function of As. If it were not, a measuremen of A, could not
give any information about As.

Ap cannot be a constart of the motion, and so [Ap;H] 6 0. If Ay were a
constart of the motion, we could not useit to measureAs, since its expectation
value would not change.

As must not be a ected by its interaction with Ap; thus, [As;H]= 0. This is
simply a statemert of what we are trying to achieve by using a QND.

The signal Hamiltonian Hs must not be a function of A, the canonical conju-
gate of As. This requiremert ensuresthat the evolution of Ag will not be a ected by
its measuremen, asin the caseof the back-action discussedabove for the position
and momertum operators.

Let us now move on and consider QND measuremets in quantum optics. Sup-
posewe want to measurethe number of photons in a particular beam, as we did
in Section 5.2.1. Convertional measuremeh methods using photon courters are
destructive, absorbing the photons in order to count them. As we saw in Section
5.2.1, howewer, there are times when we would like to allow the measuredbeam to
continue to propagate through the system. Using nonlinear optics, we shav below
a QND method to measurephoton number.

The nonlinear e ect will we useis the Kerr e ect. In electrodynamics, one often
makesthe approximation that dielectrics are linear media, so that the polarization
is related to the electric eld viaP = o E , where g isthe permittivit y of free space
and is the electric susceptibility. Linear dielectrics also have constart indices of
refraction. In actuality, howewver, dielectrics are not linear, and the polarization
must be written asa power seriesin E:

P= o, WE+ @E24 OF34:.: . (C.7)

The index of refraction will be a similar power seriesin E. Generally, the rst
nonzero term in the expansion will be the dominant e ect in the material; for
example,the rst order term in the index of refraction expansiongivesrise to the
Pockels e ect. In crystals with a certer of symmetry, howewver, the rst order e ect
vanishes,and sothe secondorder Kerr e ect is the dominant nonlinear characteristic
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of the material. The strength of the Kerr e ect is proportional to ), the coe cien t
of the third power of E in the expansionof the polarization.
Now, consider Figure 21. Using the setup in this gure, we can measurethe

Signal

Kerr Medium

- —

Probe

Figure 21: A diagram of a setupto measurethe photon number of the sig-
nal beam. The signal beamis coupledto the probe beamvia the nonlinear
Kerr medium. The probe beamis sert through a Mach-Zehnder interfer-
ometer with the Kerr medium in one arm. A phaseshift proportional to
the number of photons in the signal beam will be induced in the part of
the probe beamin the nonlinear leg of the interferometer, which can then
be measuredby the detectors at the end of the interferometer.

number of particles in the signal beamwithout destroying them. We achieve this by
sendinga probe beamthrough a Mach-Zehnderinterferometer with a Kerr medium
of length L in oneleg. Both the signal beam and the probe beamwill passthrough
the Kerr medium, which providesthe coupling we need. We will usethe Hamiltonian
of equation (C.6), where [29]

1
Hs = ~l s agas + é
1
Hp = "'! p a%ap + é
H) = ~Kafasalap: (C.8)

In these equations, a; and &' are the usual creation and annihilation operators for
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the electromagnetic eld, de ned by [17]
ajni = IOﬁjn 1i
ajni = pn+ 1jn+ 1i
aj0i =0
[a;al]= i (C.9)

the ! ; are the angular frequenciesof the beams,and K is constart proportional to
®). The QND obsenable we will be measuringis alas = ng, the photon number
operator for the signal beam. The probe obsenable is the phaseof the probe beam;
due to the complications involved in de ning a phase operator [17], we will not
state the probe operator explicitly but will instead work only with the creation and
annihilation operators of the probe eld.
Now, in the Heiserberg picture, the equation of motion of the probe eld anni-
hilation operator is

1 . .
ap = it[ap; Hil= K nsapaflap = iK nsap: (C.10)

We can corvert this equation into a spatial di erential equation by recognizingthat
t = z=vy, where z is the distance traveled by the probe beam through the Kerr
medium and vg is the group velocity of the beamin the medium [29]. Integrating
the resulting equation, we get

0—

a,0= €" say; (C.11)

where = KL=vq4 and the primed annihilation operator refersto the probe eld
after the interaction with the signal eld. Thus, we can seethat a phase shift
proportional to the number of photons in the signal beam has beenintroducedinto
the probe beamin one leg of the interferometer. The resulting interference pattern
of the recombined probe beam will thus yield the number of photons in the signal
beam.

Note, however, that we must have also induced an analogousphaseshift in the
signal beam as a result of this QND measuremen A more clever experimental
setup can remove this phase,if it is unwanted [29]. As we have seenin Section5.2.1,
howewer, this extra phasecan be useful, sofor the purposesof this paper we do not
correct it.
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