Wiy are intervals called tinelike or spacelike?

Fromthe diagrambelow it is clear that:

ct A ct ct"

L
’

X

(1) For any tinelike pair of events (1 and 2) it is possible to find

2)

sone observer (coresponding to a new ct'-axis) such that the two
events takes place at the sanme | ocation and hence represent a
pure tinme interval. Hence the nane tinelike.

For any spacelike pair of events (3 and 4) it is possible to find
sone observer (a new x'-axis) such that the two events takes pl ace
si mul t aneously and hence represent a pure space interval. Hence
t he nane spacel i ke.

Timel i ke and spaceli ke events are radically different. As the
di agram bel ow cl early shows:

Event #2, which is tinelike relative to event #1,
isin the future or forward |ight cone of event #1

Event #4, which is spacelike relative to event #3,
is in the el sewhere region of event #3

Events 1 and 2 can be connected with a signal traveling
with a speed | ess than that of |ight.

Events 3 and 4 require a signal speed greater than that
of |ight.
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ct A
timelike light line
2
Vsignal <cC
4
1
3
spacelike
Vsignal >C

X
Let us explicitly show the invariance of the spacetine interval:

Suppose that we have two events with unprinmed coordi nates
X=20,ct;,=10 ; x,=4.0,ct,=20
AX=X,-% =20 ; cAt=c(t,-t)=10

1

-

and we assune that f=08—y =

=167. Using the Lorentz
transformati ons we have

X, =y (% - feot,) =1.67(2.0- 0.8(1.0)) = 2.00 , ct',=y(ct, - Bx,) = 1.67(1.0 - 0.8(2.0)) = -1.00
X ,=7(xX, - fct,) = 1.67(4.0 - 0.8(2.0)) = 4.00 , ct', = y(ct, - fx,) = 1.67(2.0 - 0.8(4.0)) = —2.00
AX =y (AX - BcAt) = 1.67(2.0 - 0.8(1.0)) = 2.00 , CAt' =y (cAt - fAX) = 1.67(1.0 - 0.8(2.0)) = -1.00
Ther ef or e,

(AS)* = (cAt)? — (AX)* =1.00-4.00 = -3.00

(AS)? = (cAt')? - (AX')* =1.00 - 4.00 = -3.00

The interval has the sane nunerical value, even though the tinme order
between the two events is reversed!!!!

Measurenents in Special Relativity

Now |l et us turn to the neasurenent properties of spacetine, in
particul ar, the neasurenent of length and tinme. First, we need to
restate the definitions we decided on earlier:

Length of an object = spatial separation of the two events
representing the endpoints of an object neasured sinultaneously(the
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two events are on a line of sinultaneity in a given frane)

Time interval between two events = tinme separation of the two events
measured by a clock at rest with respect to the two events (the two
events are on the worldline of the clock)

Wth these definitions we can represent these neasurenents as

foll ows. Suppose we have two events (ct,x) and (ct,x,) that correspond
to the events of the worldlines of the endpoints of the object being
measured, crossing a line of sinultaneity (see diagram below). Then

the length of the object is given by L=x,-X.

worldlines of ends

L'=L/y <L line of

T simultaneity
in primed frame

line of simultaneity
in the unprimed frame

t —
2

b

L =

—

We note as shown in the diagrambelow that this is not the | ength as
nmeasured in the other reference franme. In fact, L'=xX,-X,=L/y<L,

which is the fanous "length contraction". Do not be deceived by it
| ooki ng | onger, renenber the scales are different.

The proper length is the |l ength neasured in the object’s rest frane
(the unprinmed frame in this case, because that is where the endpoint
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worl dlines are parallel to the time axis, which is the definition of
being at rest). The proper length is the maxi mrum neasured | ength.

W note that we have not said that any object has physically
"contracted", but instead we have said its nmeasured length is | ess!
The neasured length is | ess because the two observers do not agree
about sinultaneity, i.e., they have different lines of sinultaneity.
So even though we use the word "contraction”, we must understand that
the effect is due to a disagreenent about sinultaneity and no

physi cal contraction has actually occurred

If the object is at rest in the prined frane, then we get an

identical result just exchanging the roles of the two frames. As can
be seen fromthe diagrambelow, in this case, L=x,-x=L"/y<L".

worldlines of ends

AN

line of
TTT——— simultaneity

in primed frame

line of simultaneity
in the unprimed frame

ol

L=L"/y<L

Time dilation is handled in the sane way.
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Consi der the diagram bel ow representing a systemthat is at rest in
the unprinmed frame and only lives for a finite anount of tinme(like
nmu- nesons). The proper tinme interval for this systemis the tine
separation T between the events (its birth(event #1) and its

deat h(event #2)) as neasured by a clock at rest with respect to the
systemor, in this case, at rest in the unprined frane.

As can be seen fromthe diagramthe tinme separation for an observer
inthe primed frame is T'=yT>T. The proper tinme is the shortest tine
interval.

ct worldline of a clock
4+ at rest in unprimed w = ot
frame ct’
> | /
~cté
cto *2
¥ 4 %'
cT T
P 1 B = 0.60
- Ct] g
1
0
' ' { ' ' { t } > "
ct', — 7
1 By 1 ¥ 2 cT
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This result is identical to the nu-neson experinment we discussed
earlier, which was just an exanple of time-dilation as can be seen
fromthe diagramreproduced bel ow

ct'
ct (meters) A
mu-meson
worldline , lifetime in rest frame
4 y
o T
1
y =151 -2
lifetime when it ~~ 1T
is moving ; B=0.75
| | E | ] 1 o
1 1 I\ 1 1 I -
1 2 X (meters)
By =1.13

where in this case,
T=1 and T=9yT=y

We can al so see both of these results directly using the Lorentz
transformations or the invariance of the interval.

Lorentz Transformati ons
Length Contraction

The rel evant events representing on the worldlines of the ends of an
obj ect are

(x,ct)=(0.00.0) and (x,,ct,)=(1.0,0.0) for unprinmed observer
(x,ct)=(0,0) and (x,,ct;)=(1.0,8)=(1.0,0.60) for prined observer
Were are these events on a di agranf

Then the length this object, by definition, is the spatial separation
along a line of simultaneity for the unprimed observer

L=x,-X=Ax=1
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