Odinary D fferential Equations (ODES)
First-Order Equations

Consi der an equation of the form

Q+Ay=0 (01)
dx
where A is a constant.

This equation is called first-order (highest derivative is a first
derivative) ordinary linear (all functions and derivatives appear to
the first power or less) differential equation w th constant
coefficients.

We solve this type of ODE using an exponential substitution nethod
whi ch converts the differential equation into a solvabl e al gebraic
equati on.

Exponenti al Substitution Method

W make the exponential substitution
y = e~ ( 02)

into the ODE. This will convert the ODE into an al gebraic equation
for a. W have

dy de” -
2 = = o€
dx dx

y= eO!X

whi ch upon substitution into (01) gives the result

(a+Ae”*=0—a+A=0 (03)
since € =0.
The solution(s) of this algebraic equation tell us the allowed val ues

of a that give valid solutions to the ODE. In particular in this case
we get only one all owed val ue, nanely,

a=-A (04)

as a solution to the linear algebraic equation in (03). This result
means that the function

y=e* (04)
satisfy the original ODE and therefore a sol ution.

The general solution to the equation is then witten
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y(x) = Ce™™ (05)

where C is a constant that is determned by the initial conditions as
shown bel ow

Suppose we have the initial condition(s) (nunmber = order of ODE
which is one in this case)

y(0) =7 (06)
Then the val ue of the unknown constant C is determ ned by nmeking sure
that the general solution agrees with (or satisfies) the initial
condition(s). W have

y0)=7=C (07)

Therefore the solution satisfying the initial condition is

y(x) = 7e”™ (08)

Check:
_ AX

ﬂ = M = _7Ae ™

dx dx

y="7e™

b +Ay=-TAe ™ +7TAe™ =0

dx

y(0)=7e"=7

Therefore, for this type of ODE, this exponential substitution nethod
is able to generate a sol ution.

Second- Order Equati ons

Consi der an equation of the form

d’y dy

— +B—=> =0 09
dt? ¥ dt +Cy (09)
where A,B,andC are constants.

Many equations derived from Newon's second | aw i n nechanics and from
Schrodi nger's equation in quantum nechanics take this form

This equation is called second-order (highest derivative is a second
derivative) ordinary linear (all functions and derivatives appear to
the first power or less) differential equation wth constant
coefficients.

We solve this type of ODE using an exponential substitution nethod
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whi ch converts the differenti al
equati on.

Exponenti al Substitution Method

equation into a sol vable al gebraic

The Met hod: consider a typical equation of the form

d’y  ,dy

—+3—+2y=0 10

az T Y (10)
We nmake the exponential substitution

y=¢" (11)
into the ODE. This will convert the ODE into an al gebraic equation
for a. W have

d’y _ d%" =Ocde‘)‘t _ ot

dat>  dt’ dt

ot

g= de' _ ot

dtdt

y=e"
whi ch gives the result

(0*+3a+2)e"=0—=a’+3a+2=0 (12)

since e =0.

The solutions of this al gebraic equation tel
of a that give valid solutions to the ODE

case we get
a=-1land -2

as solutions to the quadratic equation.

functions y=e® and y=e¢e™

If there is nore than one all owed val ue of
be a linear
possi bl e sol utions(because this is a |linear ODE
in the equation to the first-power).
the all owed values of a are

t he nost general solution wll

derivative and functions enter
Since, in this case,

a=-1land -2
t he nost general

y(t) = ae™ + be™

each satisfy the

solution of the CDE is

us the all owed val ues
In particular, in this

(13)

This result neans that the
original ODE

a(as in this case), then

conbi nati on of al
that is, al

(14)

(15)

where a and b are constants to be determned by the initial

condi ti ons.
Page 3



Agai n, the nunber of arbitrary constants that need to be determ ned
by the initial conditions is equal to the order(highest derivative —
2 in this case) of the ODE

Suppose the initial conditions are y0)=0 and %% =1 (at t=0). Then
t=0
we have
y(t) = ae™ + be™
y(0O)=0=a+b
Y __aet - 2be? (16)
dt

Y0)y=—a-2p=1
dt

whi ch gives a=-b=1 and
yt)=€e"'-e* (17)

I f we substitute this solution into the original equation we have

yt)=e'-e*=y0)=0

Q =-e'+28% > Q(O) =1
. dt dt
as required and

Y(t) = e—t _ e—2t
Y _ _etioe
dt
d?y
— =e'-4e™*
dt

2
1Y 3oy (e - 4e™) + 3-e" +267) + 2"~ €)= 0

dtz o dt

as required. Therefore, we see that the nethod works and generates a
solution with the correct initial conditions!!

Al though this nmethod is very powerful as described, we can nmake it
even nore powerful by using the new mathematical quantity called the
conpl ex exponential as defined in the notes. This will allow us to
use the nethod for the Schrodi nger equation case.

Conpl ex Exponentials - Alternative Very Powerful Method

Renenber our discussion earlier in class about power series
expansi ons of a function around sone point
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0 (n)
f(x) = EfT!(O)x” (18)

the point is x=0 in this case.

If we apply this to the exponential function we get

f(x) = e*
fO0)=f(0)=1
f2(0) = I e —a
dxly_o x=0
2
f(Z)(O) — % — Zeax o c{2
dx” |, _, =
andsoon.........
or
2 3 4 ®© n
e —lrox+ 2+ L+ L iy =% (19)
2! 3 4 &

If we apply this to the sine and cosine functions in the sane manner
we get (you should do this for at |east one of these functions)

o 2n+l 3 5

. (04 o o
snox=Y (-)"—x*"t =ax - —x*+ — X +...... 20
,ZO( ) (2n+1)! 3 5 (20)
CoSaxX = i(—l)n a” X" —l—a—2x24+a—4x4+ (21)
“ (2n)! 2l 4

We can then show the neat result that
e’ = cosat +isinat

which will be very useful throughout the course. It is called Euler's
formul a.

Pr oof :
. 2 . 3 . 4
ei"‘t=1+iat+(lat) +(|at) +(|at) + rvenne
2! 3 4
2 4 3 5
(1@ﬂ).(mﬂﬂ) (22)
2 4 3 5
o = cosat +isinat
and simlarly _
e"'“ = cosat —isinat (23)
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Fromthese results we can al so derive the rel ations

e” -e'* cosot +isinat-cosat +isinat

- - =9Snat
2i 2i (24)
€’ + e cosat +isinat + cosat —isinat
5 = 5 = cosat

Finally, we use these results to solve the equation which results
from appl ying Newton's second law to a sinple harnonic oscillator (a
spring for exanple). W have

2 2
F=-ky— Mu+ky=0—>d Yvly=0 , o=

k
t? dt? M

Now we use the exponential substitution nethod to solve the equation

2
%+w2y=0 (25)

Substituting y=€“ we get the al gebraic equation

a’+w’ =0 (26)
whi ch has solutions (all owed values of «a) of

o=ziw (27)
so that the nost general solution takes the form

y(t) = Aé” + Be™

Suppose now that the initial conditions are y=y, and dy/dt=0 at t=0.
Then we have _ _
y(t) = A" + Be'" = y(0)=y, = A+B

Y _ iwAe™ - iwBe™ :%(0) =iwA-ivB=0— A-B=0

dt
or
A=B=2
2
and
eiwt + e—iwt
y(t) = Yo = Y, Coswt (28)

2

whi ch correctly corresponds to the notion of a mass M that is
rel eased fromrest while attached to a spring with spring constant K.
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Schrodi nger Equati on

As we will see in sem nar, the Schrodi nger equation takes the
foll owi ng general formin 1-dinension
7* d*yp(x)
g VW) = Ev(x) (29)

where E is a constant corresponding to an energy eigenvalue. If the
function V(x) (the potential energy function) is constant (say V,) in
sone region, then the equati on becones

V09 2M & _yyy(0 -0 (30)
dx /)

which is a second-order ordinary |linear differential equation with
constant coefficients. Therefore the exponential substitution nethod
wi |l generate a sol ution.

In particular, if we substitute

Y(x)=e” (31)

into eq (30) we have the al gebraic equation
(@ +il—T(E—VO))e°‘X -0 (32)

so that the all owed val ues are

a=xi, "7 (E-\,) (33)

Therefore the nost general solutions in the case are

Case 1 : E>\

+i \(%”(E-vo)x - (@(E-vo)x

Y (X) = Ae +Be '’ (34)
(conpl ex exponenti al s)

Case 2 : E<\
[2m

2m
+ |55 (Vy-E)x =5 (Vo-E)x
\ n2 \ a2
Y (X) =Ce De

(35)
(real exponenti al s)

W will use solutions (34) and (35) later to solve Schrodinger
equati on probl ens.
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