A OneDay Tour of Calculus

Therule y= f(x) =ax +b hasagraph called astraight line as shown in the figure below:
Y F N

¥o=f{xz)
¥ =£(x4)

v

*1 X2 X
where
a=dopeof theline = Yo~ % _ f(x,)— f(x)
X=X X, = X,
and

b = intercept onthey - axis = f(0)

Now, the problem of finding the equation of that line which is tangent to afunction y = f(x) at the
point (c,d), where d = f(c) iscentral to CALCULUS. The most general straight line passing through
the point (c,d) isgivenby y—d =m(x —c).

Proof: This certainly represents a straight line since we can rewriteit as y = mx + (d —mc), which isthe
standard form of the equation of astraight line with slope = m and intercept (d —mc) . The line passes
through the point (c,d) since when we choose x =c¢ , we have y =mc +(d —mc) =d. This completes
the proof. It represents the most general straight line through (c,d) sinceitsslope m isarbitrary.

Suppose we plot two graphs as shown in the figure below:



where we have indicated three intersections labelled by their x —values, namely, r,, candr, . More than

three intersections are possible, but that case only represent an unnecessary complication for the present
discussion.

The intersections r, , c and r, represent the zeroes of the function p(x) = f(x) —d —m(x —c). Now, very
closetothepoint x =c, p(x) must havetheform p(x) =(x —c)g(x) sinceit equals O a x =c.
Similarly, near x =r,, p(x) must have theform p(x) =(x —r,)g(x).

If we rotate (change the slope) of the line about the point (c,d)until the straight line becomes tangent to
the curveat (c,d) , then, sincethismeansthat r, approachesc , we must have

p(x) =(x—c)(x —r)d(x) near x =c =r,
=(x —c)(x —c)d(x) =(x —c)g(X)

In other words, when the line is tangent to the curve at (c,d) we must have g(c) = 0. From the definition
of g(x) , wethen have
p(x) _ f(x)-d

9(x) =—
X—C X

~m=g(-m

When x =c, thisimpliesthat g(c) =0=q(c) —-m or m =q(c) =slope of thetangent lineto f(x) at
(c,d), where
f(x)—d _ f(x)-f(c)

X—C X—C

a(x) =

For simple functions this rule is easily applied. Consider the case y = f(x) = x®. We have
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Thisimpliesthat m = slope of line tangent to f (x) = x* at the point (c,c®) =q(c) =3c*. Then, the
equation of the tangent lineis y—c® =3c?(x —c) or y =3c’x —2c®(thetangent line). Thecase c=1 is
plotted below:
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In this case, the tangent line at the point (1,1) isgiven by theline y = 3x — 2.
The Derivative
This procedure, while transparent, is hard to apply for more complicated functions. We now develop an

aternative approach (called thederivative) which enables usto find the slope of the tangent line for
arbitrary functions. Consider the figure below:



vp = £(xp)

Now follow this procedure:
(1) Choose apoint P corresponding to (X, f(X5))
(2) Choose asecond point P' suchthat X,. =X, +h
(3) Find the equation of the straight line through P and P*

(4) As P' approaches P , the dope of theline PP' approaches alimiting value equal to the
slope of the tangent line at point P. Thisis shown schematically in the diagram below:

tangent at P




Now the slope of PP' is
_ f(xe) = T06) _ f(x +h) = (%)
Xp: = Xp h

and the slope of thetangent lineat P is

o F (% +h) = (%)
-0 h

m, =limm, =|
P hﬁom1 h

Toillustrate these ideas, let us return to our previous example f(x) = x> . We then have

x3 +3hx2 +3h°x, +h® —x3
h

. (X +h?E=x2 .
m :||mM:||m
-0 h -0

P h
2 2 3
:Lin;)IShXP +3::: Xp +h :LII’I;)I(?;X,% +3hXP +h2) :3X§,

For the point x, =c , wehave m=3c* as before.

Before proceeding, we state (without proof) some useful rulesinvolving limits.
(1) For c= constant IhimcF(h) = clhim F(h) =cF(a)

2 Li m(F(h) £ G(h)) = Ihi mF(h) £ LimG(h) =F(a) +G(a)
©) lim(F(MG(h) = (lim F()(IimG(h) = F(a)G(a)

PO PO P
n arG(h) limG(h)  G(a)

4 if G(a)#0

In general, the derivative of the function f(x) at the arbitrary point x is defined by

f'(x):%:”mf(“h;'f(x)

The derivative is also called therate of change, i.e., % = rate of change of f(x) with respectto x .
From our previous discussion we have f(q) =slope of the tangent line to the graph y = f(x) at the
point (g, f(q)).

Simple Example

f(x)=cx?
f'(x)=Lipg f(x+hr)]— f(x) :Lifﬂ

c(x+h)> —cx® _ Iim2cxh+ ch?
h “h-0 h

= Ihin(')1(20x +h) =2¢cx

Thisisthe slope of the linetangentto f(x) =cx® at (X, f(x)).



Although this procedure is straightforward, we do not wish to do all of thiswork for every f(x) that
arisesin this course. We need to develop some general rules that we can use.

Consider the function f(x) = x" , which includesthe previous example. We have

f(x)—AI f(x+AAx)—f(x) I 0(x+AX) -X
X - 0 X — X

where we have made a change to standard notation, i.e., h to Ax . In order to evaluate this we need the
following algebraic result:

n(n- 1)(n 2) yn-s

X+ AX)" = X" +nx"Ax + AX)? +
(

”(”2 D -2 (AX) + ...

Thisisthe so-called Binomial expansion. It can be proved by simple multiplication. Using it we then
have

%n_i_nxn—lAX_'_ (2 1) n Z(AX) +. D Xn

+ n_n
£ (x) = lim & =X iy i
Ax-0 Ax -0 AX
n- n(n 1) n2
X" TAX + ——— L X" (AX)? +.
= lim 2 = i %x”l L n=1) X"2Ax + .. H= pynt
AX-0 AX AX-0 2 O
d(x"
or ( )=nx”'l
dx

Thisresult agrees with all the special case, that we did explicitly earlier.

Given the functions u(x) and v(x) we can now state several important derivative rules (we will prove
acouple of them to illustrate the methods involved).

d du
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Another very important rule that isused al thetimeis called thechain rule If y= f(u) and u=g(x),
then we can define thecomposite function y = f(g(x)) = H(x). We can then write



dH _ df(g0) _ . Fg(x+AX) - F(g(x)
dx dx Dx-0 AX
_ i F(900+ %) = F(g(X)) gOx+ %) ~g(x)
a0 g(x+Ax) = g(x) Ax
i (OO0 %) = £(g09) |, - 90X+ AX) ~g(x)
5o g+ -g(x) -0 AX
_ i £(900+ 8%) - F(g(x) dg
-0  g(x+Ax)—-g(x) dx

Now as Ax — 0, g(x+Ax) - g(x) . Therefore we have Ag =g(x +Ax) —g(x) - 0 as Ax - 0. We
can then write
dH _ df(g()) _ - f(gex+2%) = F(g(x) dg
dx dx -0 g(x+Ax)—-g(x) dx
_ jim FOOCHA) — f(g(x) dg _ df dg
2g-0 Ag dx dgdx

which isavery powerful and useful rule.

Example: Find the derivativeof y=g® +g-5where g=x*+6x. We have

dy _dydg _ - 2
FoRrv (3u” +1)(2x +6) = (3(x2 +6x) +1)(2x +6)

Properties Derivable from Derivatives

First, we must define higher derivatives. f'(x):% iscaled thefirst derivative of f(x) with

respect to x . We define the second derivative by

df'(x) _ d ()0 d*F(x)
dx dxU dx O dx?

fr(x) =

and so on for third, fourth, ..... derivatives, etc.

Now, if the graph of afunction f(x) has aminimum (maximum) at some point x = a, then f'(a) =0
as can be seen in the figures below.
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The slope of these graphs are clearly zero at the minimum and the maximum. If, in each case, we plot
f'(x) versus x , then the graphswould look like the figures below:
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The graphs pass through zero at the minimum and the maximum. If, in each case we plot f '' ()
(which isjust the slope of the f ' (x) graph) versus x

below:
Y Y= f”(X)
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, then the graphs would look like the figures
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The second derivativeis positive for aminimum and negative for a maximum. Summarizing, in words,

near a minimum

f'(x)=0 and "' (x) >0



and near a maximum
f'(x)=0 and f"'(x) <0

Some useful derivatives are given below:
1
X

iax:axi u(x) ) = - (g = i = —-ag i =
dx(e) ae ’dx(e )=¢ OIX,dx(smax) acosax,dx(cosax) asnax,dx(logx)

This set of rules along with the rule derived earlier : di(x”) =nx"" areall of the derivatives we need in
X

this course.

Let us prove one of the rulesto illustrate the method used. To start, we need to know how the factorial
function involved is defined. We define

nl=n - factorial =(2)(2)(3)(4)....... (n =1)(n)
0o=1

If we also define the notation

M

then the definition of the exponential functionis

e"=1+ax+

@) @ @0, @
2 6 24 4 nl

We can then write (using the rules)

d/,_ dO=(ax)"0_ < a"dx")  ea" .
—(e*)=— =y — =) —nx
dx( ) dx & nl E r;)n! dx r;)n!
2 3 o n
:O+a+a§+a(ax) +a(ax) Frrvers —az( )aeax
2 24 L on

which completes the proof.

We will need one further definition. If we can write

() =2 (o)

then g(x) +c , where c = an arbitrary constant is called the antiderivative of h(x), i.e., g(x) +c isthe
function whose derivativeis h(x).
I ntegration

Suppose we now ask the following question: what is the area(shaded region in the figure below) under
thecurve y= f(x) between x=a and x=b?
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where for the case N = 4 we have
_b-a



approximation for the area equals the sum of the shaded rectangles.

In the case shown, the calculated areaisgreater than the actual area.

As can be seen from the figure, our

N
Alternatively, we could have used AREA = Z f(X.,)A, which underestimates the area as shown in the
=1

figure below:
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(f(Xe0) + F(%))A, whichis called the

ule calculates the area shown in the figure below:
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approximation of these three.

Inthelimit N - oo, al of these approximations give identical results (= to the actual area under the

curve). Thelimit N — o isusualy written as



b N
AREA:If(x)dx =integra of f(x) froma to b = Lim ZAf(xk)
a st

and a and b arecalledlimitsof integration.

Simplelntegral : f(x)=cx (astraight line) asshown in the figure below:
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In this manner, we could evaluate any integral (find the area under the corresponding curve). The
procedure quickly becomes very cumbersome and tedious, however. A better method is to realize that
there is a connection between integrals and derivatives.

The Fundamental Theorem of Calculus

If (;_F: f(x),i.e., F(x)+c theantiderivative of f(x) , then
X

J’f(x)dx =F(b)-F(a) = F(x)|§:2 =definite integral (a number)

Alternatively, another way of saying the same thing is to use the definition



If(x)dx = F(x) +c =indefinite integral (function of x)

Theindefinite integral represents the most general antiderivative of f(x).

Examples:
b

(2) Since cosx :i(sinx), we have Icosxdx =sinb-sina or Icosxdx:sinx +C.

x=b
n+1 n+1 n+1
b a

ha X
ordex i1

n+1 n+1
(2) Since x" —igﬁ—g N=#-1, WehaveIx”dx— X
+1 n+1 _

+C.

n+1 n+1
We now introduce a convenient notation and define thedifferential . Define

du=u'(x)dx = E%:%jx (thisis NOTcancellation)

where the quantity dx iscalled thedifferential of x . Using this notation our last example can

[y

be written asfollows: let y = gx, which impliesthat dy = =—dx = qdx or

Caix

qb
d
J’ cos(gx)dx = I cosydy = —I—(smy)dy = ; (S| n(gb) —sin(ga))
Note the change in the integration limits at one point.
Some Useful Properties of the Differential

d(u+v) =du +dv
d(cu) = cdu

d(f(u) = -
d(uv) = udv +vdu
The trick to most integralsisto evaluate the antiderivative, i.e., Let uscall X =sSIin6 . Wecan

write  dx = cos8d@ =d6\V1-sin® 8 =d V1 —-x? sothat Lzzde and
dx

v1-X
ey

\1-x?

=9 =sin'x.

Similarly, X = tan@ We can write dx = (1+tan2 G)dB = d9(1+ x2)

dx
J’1+x2

=0 =tan‘x



Algebraic manipulation works in many cases,

_ dx 1 1 0 lln[ﬂ+xg
Il—xz J‘1+x1 X) I2[*1+x 1-x07 2 -

A very useful result is aprocedure called integration by parts. It goes as follows: since

d _ du dv
&(U(X)V(X)) = V(X)& + U(X)&

we have

> .d °d °.d
‘!u(x)d—xdx = {a(u(x)v(x))dx —‘é[v(x)d—)l:dx

b
= u(b)v(b) —u(a)v(a) —Iv(x) du ax
A dx
An example is shown below:

b
Ixcosxdx :I%(xsinx) —Isinxdx =bsinb —asina +cosb —cosa

Another useful result is as follows: since i(F(g(x))) _drdg , we have
dx dg dx
jjz 0¢= [ 5 (g0 = F(glb) - F(a(@)

Finally, we discuss a different kind of derivative, which is based on the standard derivative. It is
called apartial derivative. Suppose we have afunction z of two independent variables x and
y that isgiven by therelationship z= f(x,y). We then define the partial derivative of z with
respectto x by

0z _ of(x,y) _ im f(x+Axy) - f(xy)
oX 17)4 Ax~0 AX

and similarly for the partial derivative of z with respectto y , Thiscorresponds to taking the
normal derivative of z= f(x,y) with respectto x while holding the variable y constant (if

there are more than two independent variables, then we would hold all of the other variables
constant). We can easily see this result from afew examples:

(1)
z=f(xy)=xy
ézl (x+Ax)y—xy_”myAx:II y=y
OX Dx-0 AX Mx-0 AX  Dx-0

Thisisthe same result we would get if we assumed that y = constant and take the normal
derivative with respectto x ,i.e,



d d

- =v—(X) =

S )=y ()=

)
z=f(x,y) =€
1

0z X+ M)y _ oy (e -1)e¥ exy(yAX"'E(yAX)Z +...)
—=1lim = lim = lim =ye?
OX Bx-0 AX Ax -0 AX Ax -0 AX

Again, thisis the same result we would get if we assumed that y = constant and take the normal
derivative with respectto x .



