Sonme Bayesi an Thoughts

The essence of quantumtheory is its ability to predict probabilities
for the outcones of tests based on specified preparations. Quantum
mechanics is not a theory about reality; it is a prescription for
maki ng t he best possible predictions about the future based on
certain information (specified) about the past. The quantum theori st
can tell you what the odds are, if you wish to bet on the occurrence
of various events, such as the clicking of this or that detector.

However, a nore common activity is the reverse situation where the
outcones of tests are known and it is their preparation(the initial
state) that has to be guessed. The formal nane for this process is
retrodiction. Retrodicting is the analog of forecasting an event, but
directed oppositely intine, i.e., to the past rather than the
future. Just as one mght forecast, froma know edge of physical |aws
along with specific data about the current position and speed of a
comet, where it will be ten years fromnow, one mght retrodict where
it was ten years ago.

Suppose we have the experinment described in the figure bel ow
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where S is a thernmal source of light, Pis a polarizer, His pinhole,
Cis acalcite crystal, and Dis a detector wiwth separate counters
for the two different polarized beans energing fromthe calcite
crystal. The detector D al so makes a pernanent record of the neasured
events. W assune that the light intensity is so weak and the
detectors are so fast that individual photons can be registered. The
arrivals of photons are recorded by printing + or - on a paper tape,
according to whether the upper or |ower detector was triggered,
respectively. The sequence of + and - narks appears random As the
total nunber marks, N, and N_, becone large, we find that the
correspondi ng probabilities(count ratios), tend to limts
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where o is the angle between the polarization axis of the polaroid
and the optic axis of the calcite crystal.

Now suppose that we do an experinent and find that the two detectors
recorded 4 and 3 events, respectively. What can we infer about the
orientation of the polarizer?

This is the so-called "inverse probability" problem which is an
i deal situation to use Bayesi an net hods.
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Consi der the follow ng description.

Event B is the outcone of the experinment described above with 4 +
detections and 3 - detections. This is a single experinment and not a
set of seven experinents.

Event A is the positioning of the polarizer at an angle in the
interval 6 to 6+dO, in that experinent.

Now, in a statistical ensenble, that is, an infinite set of
conceptual replicas of the same system the relative frequencies of
events A and B define the probabilities prob(A|l)= prob(A) and
prob(B|I)= prob(B), where | is all the information about the
preparation(conditioning).

In addition, prob(A& BJ|l) is the joint probability of events A and B.
This is the relative frequency of the occurrence of both events, in
the statistical ensenble under consideration. prob(A|B&I) is the
conditional probability of A when B is true.

As before we have the relations
prob(A& B|1) = prob(A|B& I)prob(B|1) = prob(B| A& I)prob(A|l)
and

prob(B| A& I)prob(A|l)

b(A|B& I) =
prob(A| ) prob(B|1)

The | ast equation is Baye's theorem

In this equation, it is assuned that prob(B|A& 1) is known fromthe
appropri ate physical theory. For exanple, in the above experinent,
the theory tells us that the probabilities for triggering the upper

and | ower detectors are cos’0 and sin’0. We therefore, have fromthe
Bi nom al distribution (the Binom al coefficient)

prob(B={4,3} |A&I) = W(prob@ | A& 1)™ (prob(- | A& 1)™

_

(cos”*0)*(sin®0)* = lcos8 0sin®6 = 35cos’0sin® 6
43 43

In order to determ ne prob(A|B&1) we still need prob(A|l) and prob(B|l).
These probabilities cannot be calculated froma theory nor determ ned
enpirically. They depend solely on the statistical ensenble that we
have nmental |y constructed.

Let us consider the conplete set of events of type A and call them
ALA ... etc. For exanple, A represents the positioning of the

pol arizer at an angle between 6, and 6, +d6,. By conpl et eness,

Y P(A)=1
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and t herefore,

P(B)= Y P(B|A)P(A)

At this point we introduce Baye's postulate (different from Baye's
theorenm). This postulate we have used in earlier discussions is also
called the "principle of indifference" or the "principle of

i nsufficient reasoning".

| f we have no reason to expect that the person who positioned the
pol ari zer had a preference for sonme particular orientation, we assune

that all orientations are equally likely, so that P(A)=% for every 6
JT

(we can always take O=6<x because 6 and 6+x are equival ent).

We t hen have

P(B) = E P(B|A)P(A) = %}SSCosgesineedB = %

and we then obtain from Baye's theoremthat

prob(B| A& I)prob(A]l)
prob(B| 1)

prob(A|B& 1) =

ALcosgesin‘SGde 1
_ 4 T _ % (Bnanb
= 135 = 5ﬁcos fsin°6do

pry
which is the probability that the angle is between 6 and 6+df given
that event B is the outcone of a single experinent with 4 +
detections and 3 - detections.

Suppose dO=1°=0.0175rad. If we plot
211
prob(6 | B = {4,3},d6 = 0.0175) = acosfn9sin6¢9ou9 =2.283cos’6sin’ 6

versus 6 we have
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This says that, given the single data set, the angle is nost |ikely
to be

0.72rad =41.3° or 2.42rad =138.7°

Clearly, Bayesian analysis allows us to infer results fromone-tine
experiments on single systens. The key is the use of Baye's postul ate
of indifference.

Page 4



