Derivation of the Uncertainty Relations in Genera

G ven two Hermtian operators Aand B we define the two new
operators

B,=A-(A) and B,=B-(B)
wher e <6>=<uﬂéww equal s the average or expectation value in the state
).

In the statistical analysis of data, we use a quantity called the
standard or nean-square deviation as a neasure of the uncertainty of
an observed quantity. It is defined, for a set of N neasurenents of
the quantity q by

N
(AQ)?® = (standard deviation)® = % qaverage

1 N N
N ) N E (ql qaverage E qaverageqi) + 2 qaverage

= (qZ) average (qaverage)2

N
ES In anal ogy, we define the nean-square

Z||—\

where we have used qwame=

[84) - (8e) - (A (A~ (R ) - (83
(08" - (&) - (8" (8- (&) )~

W then have

Now we assune t hat
[6..8]-[AB]-[5,.5,]-i¢

~

where C is also a Hermtian operator and we | et

- By} =(A-(AJw) ad |)- By} (8- (8)w)

we have
(8A)" = (B2) = (w|B2lw) = (1B, ) Bulw)) = (el
(8B)" = (B2) = (w|B2lu) = (|Ba ) Belw)) = (518)

The Schwarz inequality says that for any two vectors we nust have the
rel ation

(ala)(B|B)=[(c|B)
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W t herefore have
(AA) (aB)" = (52)(5¢) = (elcr)( 1) = (el B

(o 1B,Bafw) =|(B.Bs )

This gives

2

(A)'(4B) =

(DaDs)
2

adl3d)

[A é]+ - —[A, é] — anti - Hermitian — expectation value isimaginary

"~ (waag) - | aRa]+ 2aRad])

(D40

{A, é}+ - {A, é} — Hermitian — expectation value is real

Ther ef or e,

2

<ié>+a‘2 where a = real number

and
A Ay |2

ari(C) = 4+ 5[C)

, , . (7.43)
(34 (s8] = H&)
si nce %|a|220.
| f [A,é]=ié=0, we then get
~A\2 ~\2
(AA)"(2B) =0
and we have no uncertainty relation between the observabl es.
On the other hand, if A=% and B=p, we have [%p,]=in=C
2/ ~\2 B
(aA) (2B) =7
or
AM@XZZ (7. 44)

which is the Heisenberg uncertainty principle. It is sinply the
Schwar z i nequality!!

The Meani ng of the Indeterm nacy Rel ations

What is the significance of indetermnacy relations in the world of
experinmental physics?
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Consi der the experinmental

ZzSQ

e

results shown bel ow

2Ap

|

L1

—

< 5Q

These are frequency distributions for the results of independent
nmeasurenents of Q and P on an ensenble if simlarly prepared

, on each of a large nunmber of simlarly prepared
systens one perforns a single neasurenent (either Q or P) . The
distribution of the results.

systens, i.e.

hi stograns are the statistical

The standard devi ations (variances) as shown nust satisfy (according

to the theory) the relation

h

AAL = —
Q=P 2

They must be distinguished fromthe resolution of the individual
0Q and oP.

measur enent s,

Let me enphasi ze these points:

(1) The quantities A, and A, are not errors of neasurenent. The

or preferably the resolutions of the Q and P neasuring
instrunents are 6Q and 6P. They are logically unrelated to

Ay, and Ap, and to the uncertainty relations except for the

"errors"

practi cal

then it wll

requi renent that

| f

0Q>A, (or 6P >A;)

not be possible to determne A,(or Ay) in the

experinment and the experinent cannot test the uncertainty

rel ation.

(2) The experinental

Wy am |

bei ng so picky here?

test of the indeterm nacy rel ation does not
i nvol ve sinultaneous neasurenents of Q and P, but rather it
i nvol ves the nmeasurenent of one or the other of these dynam cal

vari abl es on each independently prepared representative of the
particul ar state being studi ed.

The quantities A, and A, as defined here are often msinterpreted as
i ndi vi dual

the errors of

nmeasur enent s.
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Hei senberg’ s origi nal paper on this subject, published in 1927, was
based on an early version of quantum mechanics that predates the
systematic fornulation and statistical interpretation of quantum
mechanics as it exists now The derivation, as carried out here was
not possible in 1927!

Ti me- Energy Uncertainty Rel ations

The use of tinme-energy uncertainty relations in nost textbooks is

sinply incorrect. Let us now derive the nost we can say about such

rel ations.

We need to derive the tine-dependence of expectation values. W have
(Q) = (w®IQw®)

so t hat

d(Q)

dt

|a

(1O Qu (V) = (W O™ "Qe "y (0)) = (1 O} (€% Qe Ju (0)

o

t

_ <w (O)|(i%eip'“hée‘iﬁ”h)|w(0)> _ <w(o)|(eiﬁt/h©%|e—iﬁt/h)|w(0)>
(1)

wO[A.Qy)

_ <"P (O)|ei|3|t/h %[ljl’é]e-iﬁt/qw(o» _ %

s =ales)

at i
We consider the dynam cal state of the systemat a given tine t. Let
ly) be the vector representing that state. Call AQ, AE the root-mean-

squar e devi ati ons of Q and of H, respectively. Applying the Schwarz

inequality (as above) to the vectors (Q—(Q»WO and (H-(H))y) and
carrying out the sane mani pul ati ons as (as above) we find after sone
cal cul ati ons

>

1Ir~ ~
AQAE = EK[Q, H]>‘ (2)
the equality being realized when |[y) satisfies the equation

Q-a)y)=iy(H-e)y)

where a,y and ¢ are arbitrary real constants (as above). Using (1) in
(2) we have

AQ Ezﬁ 3
a2 ”

dt

or
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TQAE > g (4)

where we have defi ned

_ A0 5
Ty (5)
at

T, appears as a tine characteristic of the evolution of the
expectation val ue of Q. It is the time required for the center of the
center <Q>(ﬁ the statistical distribution of Q to be displaced by an

amount equal to its width AQ. In other words, the tine necessary for
this statistical distribution to be appreciably nodified. In this way
we can define a characterisitc evolution tinme for each dynam ca

vari abl e of the system

Let 7 be the shortest of the tines thus defined. 7 may be consi dered
as the characteristic tinme of evolution of the systemitself, that

i's, whatever the neasurenment carried out on the system at an instant
of time t', the statistical distribution of the results is essentially
the sanme as woul d be obtained at the instant t, as long as the

difference |t-t'| is less than .

According to (4), this time v and the energy spread AE satisfy the
ti me-energy uncertainty relation

TAE zg (6)
If, in particular, the systemis in a stationary state where
diQ) _
dt

A

no matter what Q, and consequently 7 is infinite, then AE=0
according to (6).

Odinary tine t is just a paranmeter in non-relativistic QV and not an
operator! Eq (6) does not say that

AtAE = E
2

whi ch is an equation that has no neani ng!
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