Quantum Theory - How it works...... The Details

Suppose that we want to predict the behavior of a physical system
using the QM al gorithm How, exactly, do we go about it?

CGeneral Approach

[1] ldentify the vector space associated with that system--this is
t he space where all possible physical states of the system can be
represented -- this sinply neans that we nust find a suitable
basi s set of vectors.

[2] Identify the operators associated with various neasurabl e
properties of the system--- this neans cal cul ate ei genvectors
and ei genval ues of appropriate observabl es.

[3] Map out the specific correspondences between individual physical
states and individual vectors -- this neans to decide how to
| abel the state vectors(or what goes inside the ket).

[4] Ascertain the present state vector of the system by neans of
measurenents --- this nmeans to determne what are its initial
| abels. This is called state preparation

[5] The tine evolution of the systens is then determ ned by the tine
evol ution operator T --- this is a determnistic equation until
the next neasurenent. T nust be specified for each system

[6] The probabilities of particular outcones of a neasurenent carried
out at a future tine can then be cal cul ated by using Postul ate #4
whi ch says that the probability of neasuring the eigenvalue b of

A~

the observable B at time t when we are in the state |yp) at tine t
is given by Kbmﬁr

[7] The effects of nmeasurenent are taken into account using Postul ate
#5 -- this inplies that the state coll apses to an appropriate
(determ ned by val ue neasured) eigenvector of neasured
observabl e.

[8] Then [5]-[7] are just repeated over and over again.....

Renmenber :

Postul ate #5 says that the state vector is "collapsed" into an
ei genvector of the nmeasured observabl e operator

Postul ate #3 tells us how a state evolves in tine.

This is the standard or Copenhagen interpretation of quantumtheory
due to Bohr, Dirac, Born and von Neunmann.
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| can now state the standard way of tal king, which students of
physics are traditionally required to naster, about what
superpositions are.

The way to deal with the apparent contradictions we saw i n our
earlier discussion of color and hardness neasurenents boils down to
this explanation ........

The right way to think about superpositions of, say, being green and
bei ng magenta is to think of themas situati ons where col or
predi cti ons cannot be nade, situations where color talk is
unintelligible.

Tal king and inquiring about the color of an electron in such
circunstances (in the standard view) makes no sense what soever.

As long as you follow this rule all of our earlier contradictions go
awnay.

In this view, it just is not so that hard el ectrons are not green

and not magenta and not both and not neither, since color talk of any
ki nd, about hard el ectrons, sinply has no neaning at all and the sane
is true for all other inconpatible observables.

That is the way it is .... that is the way the world works accordi ng
to the quantum physi ci st!

O course, once an el ectron has been "neasured"” to be green or
magenta, then it "is" green or nmagenta (color talk now applies)
according to this standard interpretation.

Measuring the color of a hard electron, then, is not a matter of
determ ning what the color of that hard electronis ... it has none
it only has probabilities to have col or val ues.

Rather, it is a matter of "collapsing" the state of the nmeasured
el ectron into one where color talk applies, and "then" determ ning
the color of the newly created, color-applicable state.

Measurenents in QM (and particularly within the standard view) are
very active processes.

They are not processes of nerely |earning something about the system
...... they are invariably processes which drastically change the
measured system

The nost inportant rule that we can state is as foll ows:

If you are going to nmeasure sone observable C, then choose as your
basis vectors the eigenvectors of the C operator since it is only
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with these states that C-tal k makes any sense, i.e., if you are
di scussi ng col or neasurenents than use the col or basis where
color-tal k makes sensel!

Sonme Consequences

We are allowed to use any orthonormal set (provided their nunber =
di mrension of the space) as a basis. If such other sets exist, then

t hey must be eigenvectors of sone other observables (not color). For
exanpl es here are two other orthonormal sets.....

St #1
= tg+ Zm s =29 L
St #2
B 2g-2m g 2= g L

Ei ther set can be used as a basis(they both are orthonormal pairs).
Prove that for yourself

Since all basis sets correspond to sone operator, |et us choose to
call their associated observables direction d and truth f where

~

set #1 are eigenstates of direction operator d with associ ated
ei genval ues +1(up) and -1(down) and set #2 are eigenstates of truth

operator t with associ ated ei genval ues +1(true) and -1(fal se)

So that we can wite

St #1

N 1 3
|qummmh+3=NM=?®+7ﬂm)

N V3,1
|2) = |direction = -1) = |down) = 7|g> - §|m>
St #2
12) = [truth = +1) = [true) = %|g> _ §|m>

V3 1

|2) =|truth = -1) = | false) = 7|g> + §|m>

Renenber we al ready had the other basis sets:
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1 1
color = +1) =|g)=—|h)+ —|s
[color = +1)=|g) = [} +—Is)

color = 1) =[m) = |- s)
\f"2

1 1
hardness = +1) = |h) = — —|m
[hardness - +1) - ) ﬁ|g>+ f2|>
|hardness = -1) = |s) =

Now t hi nk of these states as representing a real physical system and
t hi nk about probabilities.

We can nmake these statenents:

probability that an electron that is "up"

wi |l be nmeasured to be "nmagenta" = 3/4
probability that an electron that is "fal se"
wi |l be nmeasured to be "nmagenta" = 1/4
probability that an electron that is "soft"
will be nmeasured to be "magenta" = 1/2
probability that an electron that is "green"
wi |l be measured to be "hard" = 1/2
and so on.
Let us now | ook at sone details and sonme exanples....let us apply al

of this stuff and expand our know edge and capabilities as we
proceed.

We begin with an exanple that includes only famliar classical
properties like position, velocity, nonentum energy, etc, then
return to explain the col or-hardness experinents and finally in the
next section of the notes we investigate photon polarization
experiments and Stern-Cerlach spin experinents.

We know from hundreds of years of experience, that the behavior of
relatively big particles, with |arge masses (li ke rocks and shanpoo
bottles) is very well described by the classical nechanics of New on.
Thi s says sonet hi ng about the quantum theory of particles, i.e.,

what ever the theory ends up saying about mcrowrld particles it

ought to predict that everyday particles, subject to everyday
circunstances, will behave in the everyday, Newtonian way we all know
and | ove.

Now t he position X operator and the nonentum p operator are
inconpatible (i.e., they are not simultaneously neasurable - this is
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t he fanous Hei senberg uncertainty principle). This nmeans that
[)A(, f)]# 0

In fact, the value is known to be
[X,p]=in

wher e h=%%=105x10“Jmﬂe—&£Ju=Hamwsamaaﬂ

Not e the appearance of the factor i.

Since X is an operator representing a physical observable, a possible
basis of the space is the set of eigenvectors of the X operator.

Sinmlarly for the eigenvectors of the p operator.

They each form a possible basis because they are observabl es
represented by Hermitian operators .

Because their correspondi ng operators do not commute, a state of
definite nonentum (an eigenvector of p) will be a superposition of

states of definite position(eigenvectors of X) or, in other words, a
state of definite nomentum can only have probabilities of having
definite x-values. Simlarly, a state of definite position (an

ei genvector of X) will be a superposition of states of definite
nmonent um (ei genvectors of p).

The vector space when the X eigenvectors are the basis is called the
coordi nate representation.

The vector space when the p eigenvectors are the basis is called the
nomrent um r epresent ati on.

Now, the nobst inportant operator in quantum nechanics is the energy

operator or Hamltonian H. It will deternine the time evol ution
oper at or

The vector space when the H ei genvectors are the basis is called the
energy representation.

Al'l are equival ent basis sets.

Qur choice will depend on the questions we are asking or the
measurenents we are nmaking.

That choice is called going to the HOVE SPACE
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Now t he possi bl e ei genval ues(all owed neasured val ues) of X and p
forma continuumextending from -«o—+0 (called a continuous
spectrun). The basis is infinite(non-denunerable) dinensional. In
general, this present many difficult nmathematical problens. For the
systens we will be discussing, the infinite di nmension cause no
difficulties and so we can treat alnost property as if the space had
a finite dinension. The one exception will be nornalization as we
shal | di scuss.

The state |x) corresponds to a systemw th a definite value of the
position, nanely, x. The state |p) corresponds to a systemwth a

definite value of the nmomentum nanely, p. The state |E) corresponds
to a systemwith a definite value of the energy, nanely, E.

In general, the set of energy eigenval ues are both a discrete set
over some range and a continuous set over a disjoint range.

The operators position X and color C are conpatible and, therefore,
we can sinul taneously neasure these observabl es.

This means that we can say that a nmagenta electron is |ocated at
x=7 and it makes sense.

W wite the state representing this case in the form

|color — value)|x — value)

i.e., |m|7) for a magenta electron |located at x=7. (the fornal nane
for this product is a tensor-product) Wen operators act on such
states their operation takes the form

é| m)|7) = -|m)|7) i.e, C only acts on the color space part

X|m)|7) = 7/m)|7) i.e., X only acts on the position space part
Simlarly statements can be made for position and hardness, nomentum
and col or, nonmentum and hardness, energy and col or, and energy and
hardness. They all represent sinultaneously neasurable pairs.

As we said, the operator corresponding to the observable energy is
called the Hamltonian H where

H|E) = E[E)

As | mentioned, the energy basis is the nost fundanental one in
guantum theory. We will see why shortly.

The quantity
Ye(X)=(x|E) for some state vector |E)
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is called the energy wave function, that is, since it takes on
di fferent values for each value of x, it is a function of x.

It satisfies a fanbus equation that governs its tinme and space
dependence - the Schrodi nger equation. The Schrodi nger equation in
1-dinmension is an "ordinary differential equation" given by

7® dPyp (Xt dy(xt
—%%+V(X)¢E(X,t) = Ey.(xt)= |h%
where V(x) is the potential energy of the system W wll solve this

equation later for sinple systens.

The tinme evolution operator for sinple systenms is expressed in terns
of the Hamltonian H by the relation T=e™ which is an operator
function of the operator H.

As shown in section 02 of these notes, in sinple cases, function of
operators are easy to deal with. If

Blb) = b|b)
i.e., |b) is an eigenstate of B, then we have
f(B)lb) = f(b)lb)

for a function of the operator.

This inplies that the energy eigenvectors have a very sinple tine
dependence or tine evolution, i.e.,

|E,t) = T|E,0) = e™/"|E,0) = e™®'"| E, 0)

where the conpl ex exponential neans e‘iE”"=cos%t—isin%t as we showed

earlier.
Let us explore this coordi nate-space. Since we have continuous

ei genval ues we nust replace suns by integrals. Sonme of the changed
relations | ook like

A

b — 8

|X)(x|dx instead of f=2|n><n|
and

Jo(x)x|x)dX = g(x) instead of Y a,(m|n) = a,
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Clearly, using our earlier discussion of the Dirac delta function,
this result says that

(X|x")=8(x-x")

Any arbitrary state can be witten in terns of the basis states,
i.e.,

0

) = )= { J00 ) = [ = ol

—00

The probability (from Postulate #4) that we will find the
systen(particle) at x=q is given by

prob(x = qw) = P(a) = {alw)|" - <qlk}w(x)| x>dx)
¥ [ 2
=|| Sy 0aalxiax]l =l (@ =[aly )

or in general we say that

P(X) = (X[ =l (I

or the probabilities are given by solutions of the Schrodi nger
equation .... by the energy wave functions.

A derivation of the Schrodinger equation is given in section 05a of
t hese notes.

Now we are beginning to get sonmewhere!

The general procedure for figuring out the tine dependence of a
states and then answering the questions posed in experinents goes as
follows (this is tricky algebra but well worth spending tinme on):

(1) Ask the question --- it usually takes the form

if we are in the state |¢) at time t=0, then what is
the probability of being in the state |b) at time = t

N

(2) Assune that |Q> is one of the eigenvectors of the operator B.

(3) W solve for the energy eigenvectors of the system i.e. we find
the Ham | toni an and do the mat hemati cs.

(4) W wite |¢) in terns of the energy eigenvectors basis
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W=Z%E>Mme%=ﬁw>

(5) Since the tine dependence of the energy eigenstates is easy we
can wite down the tine dependence of the state |¢) as

o)=Y c|Et) =Y c.e™'"|E)
|#.0) 2 : Z :
(6) W wite |[E) in terns of the B ei genvectors basis

|E) = Edj\bj> where d, = (b |E)

A~

(7) W wite [pt) in terms of the B eigenvectors basis
|¢,t> _ ZCEe—iEt/h| E) _ Z<E|¢>e_ia/h2<bj ‘E>‘bj>

(8) Then the probability of finding b, is given by

2

o[l - S (E ol S b2l

2

- |3 (o) 3 (b E)Elae ™)

] E
2

= > (b, [EXE[p)e™”

E

This final result expresses the answer in terns of the initial and
final states and the properties of the energy eigenvectors and energy
ei genval ues, all of which are known.

Thus, our formulation of quantumtheory is capable of making the
necessary predictions.

Now back to our Two-Path Experi nents:

We now redo the two-path col or-hardness experinent in nore detail.
See the figure bel ow
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At time t, when the particle is about to enter the apparatus, its
state is (having just left a color box via the magenta aperture):

|color = magenta,x = x,,y =y, ) =|m)|x, ;)
_(1 1
-2 ¢2 |><1 ¥i) = §|h>|><1,yl> TSP

where we have changed to the hardness + position basis vectors
because we are about to ask a hardness question (the hardness box
conmes next).

Here is how quantum theory says to cal cul ate what happens next.

Let
1
?|h>|x1ay1>=|a>
§|S|x1 y,) =1b)
N

so t hat

Mm% ¥:) =1a) - |b)
Consi der the foll ow ng:
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|f the state at t, were not the one above but, rather, just |a) — the
"hard" part, and if the hardness box behaves properly, then the state
at tine t, woul d be

)] %, ¥s)

i.e., the electron would have just been diverted through the hard
aperture and be on what we will call the "hard path".

|f the state at t were just |b) — the "soft" part, and if the
har dness box behaves properly, then the state at tine t, would be

|9)] Xa1 i)

i.e., the electron would have just been diverted through the soft
aperture and be on what we will call the "soft path".

However, as the state at t is in fact neither |a nor |b), but the
super position

M) x,,y,) =a) - [b)

it follows that the state at t, nust be (if the hardness box behaves
properly)

1 1
\/_§|h>| X2'y2> - \_/§|S>| X31Y1>

This state invol ves nonseparabl e (the hardness and position
properties were separated to start with - they had definite val ues,
magenta and ( x,Y;)) correl ations between hardness/col or and

coor di nat e- space properties of the el ectron.

No hardness or color properties of the electron in this state nor any
of its coordi nate-space properties (position, nonentum etc) has any
definite val ue here.

This is a superposition of states, where in one conponent the
electron is travelling along the hard path and in the other conponent
the electron is travelling along the soft path.

This is the reason that earlier we had to nake our earlier statenents
about not hard, not soft, not both and not neither. Those ideas are
not only false, they are neaningl ess!

This state is called an entangled state. It wll get us very
entangled | ater on!!

Continuing on....... the | ast state of the el ectron above (at t,)
| eads to the state of the electron at t,
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1 1
ﬁ|h>|x3,y3> - E|S>|X4,y2>

and then the state at tine t, is

1 1
ﬁ|h>|x5,y4> - ﬁ|5>|&1Y4>

We see that the color state and the coordi nate-space state have
becone separate again. The position of the electron once again has a
definite value and the col or once again has a definite val ue.

So the fact that a hard electron fed into the total device will cone
out hard, and that a soft electron will come out soft(at the sane
point), together with our quantum assunptions, neans that a nagenta
electron fed into the total device will come out(just as we found it
di d) nmagent a!

VWat if we were to stop the experinent in the mddle by neasuring the
position of the electron at, say, t; ?

Then the superposition would go away.

According to our postul ates, a collapse would occur and the state
just after the measurenent woul d be either

|h>|X3’y3> or |S>|X4’y2>

each with probability 1/2 (in accordance with our probability
assunption).

Then the state at t, would be either
IN)Xs,ys) O [S)Xs,Ya) respectively.
What if we put a wall into the soft path at the point (x,y,) ?

The wall stops the tine evolution of part of the state, so that the
state at t, woul d be

1 1
\—5|h>| x5,y4> - \_E|S>| X3’y1>

In this case, the state renmains nonseparable with respect
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har dness/ col or and coordi nat e-space properties at t, .

| f a neasurenent of position of this electron were to be carried out
at t, (if, say, we were to | ook and see whether the electron had
energed fromthe black box), the probability of finding it at

(X5, ¥,)woul d be 1/2, and if it were found there it would be hard, and

if its color were neasured, it would be equally likely to be green or
magenta. That is exactly what we said in our earlier discussions.

Note that we coll apsed the particle to "hard" by neasuring its
position in an entangled state. That is the way entangl ed or
nonsepar abl e states work - collapsing one property collapses all the
properti es.

The state vector

1 1
\_§|h>| Xs:Ya) = \_§|5>| X5 Y1)

i s nonseparabl e between hardness/col or properties and
coordi nat e-space properties. This neans it is not associated with any
definite values for hardness or color or position or nomentum or
anything like that.

Let nme finally say sonmething about howto build a "total-of-nothing"
box.

If we are in a state |A) and nmeasure an observabl e B, then the

probability of measuring a particul ar val ue of B is deternined by
doi ng the foll ow ng:

[1] Wite |A) as a superposition of eigenvectors of B (the thing we

want to nmeasure)

1A= Y adn
where a =(h|A) and |af==Kq|ﬁ%2 = the probability that the
measurenent will yield the value b.

Now consi der the state -|A). If we neasure B on this state, we Wil
get all the sanme probabilities for every possible outcone, i.e.,

2 2
(b[Af = |-(B]A)
So if a vector |A) changes to the vector -|A) there are NO OBSERVABLE
EFFECTS - NOTHI NG HAPPENS as far as quantumtheory is concerned!!!.
In fact, if a vector |A) changes to the vector €“/A), where |€=1,
there are NO OBSERVABLE EFFECTS

So any box which changes the state of any incomng electron into -1
Page13



times that incomng state will be a "total-of-nothing"” box, since it

wi |l not change any of the neasurable values, i.e., any probabilities
of the values of any of the observables of any el ectron which passes
through it. Qoviously, it will also not effect any el ectron which

passes outside of it.

But the effects of such a box on an electron whichis in a
superposition of passing through it and outside of it nmay be quite a
different matter.

Suppose the box is inserted in the soft path of the two-path device
at (X;,Y;). Then, if the initial input electron were nagenta, the state

at t, will be (as earlier)

1 1

ﬁ|h>| Xz’y2> - ﬁ|s>| X37y1>
and the state at t; (after the "passage" through the box) wll be not
be

1 1
|hﬂxyyg-134$bg¢@> (as before)

N
but will be

) + =8 %o
2 S SIND 41 Y2

where the sign of the second term has been changed by the "total -of
not hi ng" box in the soft path.

If we now follow this new state to t, as before we will find

1 1
\_5|h>| X5!y4> + \_/§|S>| X5’y4>

= (%|h> + %|S>)|X5’y4>
=|g |X5'y4>

i nst ead of
1 1
%) - Isl% v

1
510 =519 bo.v.)

= |m>|x5,y4>

So the "total - of -not hi ng" box has changed the color of all the
el ectrons frommagenta to green (as we had said earlier) even though

That is the way quantum nechani cs works!!
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