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Model for Mutation in Bacterial Populations
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We describe the evolution of E. coli populations through a Bak-Sneppen—type model which incorpo-
rates random mutations. We show that, for a value of the mutation level which coincides with the one
estimated from experiments, this model reproduces the measures of mean fitness relative to that of a
common ancestor, performed for over 10000 bacterial generations.
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The last decade has seen a renewed interest in the study
of biological evolution. Besides the painstaking work of
analyzing fossil records, spanning 103~ years, there are
now experiments performed by Lenski and co-workers
with E. coli, which already comprise tens of thousands
of generations [1]. This has opened an entire “experimen-
tal evolution” area, and their data are extremely useful to
study the long-term evolutionary dynamics of populations.

We first briefly review the essentials of Lenski’s experi-
ment. It considered 12 initially identical populations, each
of them founded by a single cell from an asexual clone,
propagating in similar environments during 1500 days, in
the following manner. At the beginning of each 24 hour
period, an initial batch of around 5 X 10° bacteria is
placed in a growth medium, and, 24 hours later, when the
population has increased by a factor of about 100, which
implies log, 100 =~ 6.6 generations, the process is repeated
by starting a new batch with 1% of the bacteria present.

The mean cell volume and mean fitness of bacterial
populations relative to the ancestor (RF) were measured
every 100 generations. The (RF) of these populations, in
its gth generation, is measured by placing a sample of
each of them in contact with its original ancestor (un-
freezing a sample taken at time O, the first generation),
and measuring the ratio of their rates of increase. In
all the experiments, the (RF) shows a rapid increase for
~2000 generations after its introduction into the experi-
mental environment, and then becomes practically con-
stant. The average asymptotic value of the relative fitness
is (RF). = 1.48 [1] (the bar denotes the average over the
12 populations). This behavior may be parametrized by a
hyperbolic fit, f = (A + Bg)/(C + Dg), where f repre-
sents the relative fitness of the gth generation and A, B, C,
and D are constants.

On the theoretical side, several approaches to the evolu-
tions of species in interactive systems have been proposed:
the well-known models of Kauffman and collaborators for
coevolving species operating at the edge of criticality [2],
models inspired on them [3.,4], and the Bak-Sneppen (BS)
model [5], among others.

An essential ingredient of evolution theory, comple-
menting the natural selection mechanism, is the existence
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of spontaneous mutations which produce hereditary dif-
ferences among organisms. Such an ingredient is not ex-
plicitly considered in the standard BS model, but it is
clearly an essential mechanism in the evolution of bacterial
cultures.

In this work, we modify the BS model in order to in-
clude random mutations so as to explain the E. coli results.
The reasons for constructing such a model are twofold.
First, it was experimentally found that the 12 E. coli repli-
cate populations approached distinct fitness peaks (differ-
ent asymptotic (RF) into a band from =~1.4 to =~1.6) [6],
supporting the multipeaked fitness landscape of the kind
assumed in BS-type models. Second, as the initial popu-
lations were identical, and the environment for bacterial
growth was kept constant, the evolution of these quantities
resulted solely from spontaneous random genetic changes
and competition between the different cell varieties result-
ing from those changes.

The model thus assumes two kinds of changes, one aris-
ing from the disappearance of the less fit strains and an-
other, completely random, that may be attributed, e.g., to
errors in the replication mechanism. All these changes are
associated, in the model, to real mutations in the genome.
In the case of the fitness driven changes, such mutations
appear as a two-step process: the extinction of a bacterial
strain, and its substitution by another, as in the original
BS model. The new random mutations are associated to
changes in the genoma unrelated to any selection process.

Some clarifying remarks concerning the proper interpre-
tation of the model in the context of the E. coli experiment
are necessary.

(i) Despite the fact that the original BS model consid-
ered evolution in a coarse-grained sense (an entire species
was represented by a single fitness parameter), here we will
describe a system of evolving bacterial populations rather
than whole species.

(i1) The focus of the BS model was to study the dynamic
equilibrium properties of an ecology, i.e., its self-organized
critical behavior after the initial transient. The data of [1]
consider explicitly the transient evolution starting from the
first bacterial generations. In particular, changes are ob-
served to be larger for the first 2000 generations, and then
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gradually taper off. Therefore, we consider the evolution
of the system from its very initial state, and not after it has
equilibrated.

(ii1) In our model, we consider a number of cellular au-
tomata N, which, for practical purposes, must take val-
ues much smaller than the number of E. coli in Lenski’s
experiment (5 X 10°=5 X 10%). Below, we show that
the model has scale invariance properties that justify this
assumption.

As in the case of BS, the model consists of a one-
dimensional cellular automata of size N, with cells
labeled by a subindex i = 1,...,N. Therefore each of
these N cells represents a group of bacteria, and not single
individuals. In other words, the system in the model is a
coarse-grained representation of the cell population. Each
vector cell is characterized by a real number between 0
and 1, B;. This parameter may be interpreted as measuring
the fitness of the “species,” i.e., a barrier against changes.

In order to emulate the experimental condition that each
of the 12 populations was initiated by a single cell from an
asexual clone, we start with the same barrier for all cells,
B; = 0.5. The dynamics of the model consists in perform-
ing the same operations at steps corresponding to the time
needed for an average E. coli to divide, i.e., a generation.
Those operations are the following: At each step, corre-
sponding to the doubling time of the bacteria, (a) eliminate
the cell with the lowest fitness; (b) eliminate, on the av-
erage, Q other cells; (c) replace the barriers associated to
the cells eliminated by random numbers generated with
a uniform distribution in the interval [0, 1], as in the BS
model.

Results do not depend on the choice of distribution
employed in operation (c). Operations (a) and (b) are
associated to either fitness driven or random mutations,
respectively.

We should remark that, in order to simulate the experi-
ment, one would need to double the total number of cells at
the end of each step, assigning copies of the barriers associ-
ated to the existing cells to the ones created. Furthermore,
every G = 6-7 steps, the population should be reduced to
its original value N by selecting at random this number of
cells among the total population. However, since the muta-
tion probability is found to be constant and independent of
the size of the population, scaling properties [7] allow us to
avoid these population doublings and reductions, keeping
the number of cells constant. Because of this simplifica-
tion, the model becomes formally equivalent to the mean
field version of the BS model (MFBS) [8]. However, here
the Q barrier changes in (c) are interpreted as random mu-
tations, and not as changes to neighbors of the least fit
specimen in the population as in the MFBS model.

Since, as in the BS model, after a transient, the model
fitness barrier distribution self-organizes in a step at B, =
1/(1 + Q), its asymptotic mean fitness is (B, + 1)/2 =
(Q + 2)/(Q + 1), while the mean fitness of the original
uniform barrier distribution is 0.5. Therefore, in this model
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the asymptotic relative fitness to the ancestor is
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We select the value of Q so as to adjust (RF).. = 1.48.
Hence, from (1) we obtain Q == 1.1. It is interesting to
note that the model suggests an approximately equal num-
ber of fitness driven and random mutations for the E. coli
under the conditions of Lenski’s experiment.

While Q determines the asymptotic value of (RF)-, the
number of cellular automata, N, is determined by the em-
pirically observed mutation rate per replication u, which
was estimated as u = 0.002 per replication [9,10]. Since
in the model we have on the average Q + 1 = 2.1 changes
per generation, then the number of cells in the simulation
should be N = 1000. In this way, the two parameters of
the model, Q and N, are fixed so as to reproduce the ex-
perimentally observed asymptotic fitness and mutation rate
found in the experiment. The simulations were performed
for Q = 1.1 and for several values of N in the interval
500 = N = 2000.

The agreement between the model and the experiment
is quite reasonable. In Fig. 1 we plot the (RF) trajectory
every 500 generations for N = 1000 (IJ) and N = 1500
(/) and three of the Lenski er al. best hyperbolic fits to
three (of the 12) sets of data for the E. coli experiments.

In order to analyze the initial rapid growth of (RF), in
Fig. 2 we plot the experimental data and the model re-
sults for the first 2000 generations, every 100 generations.
Once again, notice the overall agreement of the model with
experimental E. coli data. It was suggested in [1] that
periods of stasis, characteristic of punctuated evolution,
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FIG. 1. Trajectories for mean fitness relative to the original

ancestor during 10000 generations. Averages from 1000 nu-
merical simulations for O = 1.1 for N = 1000 (squares) and
N = 1500 (triangles) compared with the three best hyperbolic
fits (lines) to data of three of the 12 corresponding experiments.
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FIG. 2. Finer scale analysis of the trajectories of the mean
fitness relative to the ancestor for the 2000 initial genera-
tions. Experimental data (solid circles), and model averages
from 1000 numerical simulations with Q = 1.1: N = 1000
(squares), N = 1500 (triangles). The standard deviations of the
experimentally measured relative fitness are indicated as error
bars in the data points.

might be present in the data. Although the relatively large
experimental error bars could make the data consistent with
a monotonic increase such as the one predicted by the
model, we believe that further studies are needed to settle
this issue.

The results presented thus far assume that there is no
neighbor relation between different strains of E. coli in the
system. However, as in other ecological system interde-
pendencies among species arise, one should explore the
possibility that also in this case they exist. To do this, we
think it is illustrative to present here also the results of a
variation of the standard BS-type model. In this variation,
as in the original model, at each time step the changes oc-
cur at the cell with the lowest barrier and its two neighbors.
In addition to this fitness driven form of evolution we in-
clude, with probability p per time step, a similar change in
arandomly chosen cell. In this way, the number of changes
per time step is Q = 2 + p (the two neighbors of the cell
with minimum barrier plus, with probability p, a cell at a
random location). We denote this version of the model as
BS + p.

The stationary properties of this BS + p model will
be presented elsewhere [11]. We have observed that the
barrier distribution self-organizes into a step function at a
position B, which decreases as the parameter p increases
from B, = 0.667 for p = 0 (the standard BS model) to
B, =022 for p = 1. Thus (RF). lies in the interval
between 1.22 (for p = 1) and 1.667 (for p = 0). We
found that (RF).. = 1.48 may be adjusted taking p = 0.2.
Hence, here the purely random mutations are taken with a
weight proportional to 0.2, while those mutations related
to natural selection are proportional to 3.
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In this BS + p version, in an analogous way as it hap-
pens in the MFBS version, while p determines the asymp-
totic value of (RF)., the number of cellular automata, N,
is determined to fit with the estimated u = 0.002. Since
we now have, on the average, 3.2 changes per time step, in
order to get roughly the same mutation rates in the simu-
lation and in the experiment we should take N = 1500. In
Fig. 3 we plot the (RF) trajectory every 500 generations
for N = 1000 (OJ) and N = 1500 (A) and three different
hyperbolic fits of [1]. Notice the good agreement with the
Lenski et al. hyperbolic fit to data corresponding to the
“A-1" experiment [6].

In the case of the E. coli, the MFBS model appears, in
principle, more reasonable, as it does not seem plausible
to have interdependencies among closely related bacte-
rial strains. The BS + p model could be applicable to
other situations, where different microorganisms coexist
and are interdependent. Our point here was to show that
it is not possible to distinguish between the two models
based solely on the measurements of the evolution of the
fitness.

In conclusion, when considered during the transient
from the initial ordered distribution, BS models with ran-
dom mutations were shown to qualitatively reproduce the
experimental results of Lenski and co-workers. The in-
clusion of random mutations, besides making the models
more realistic, is required to get quantitative agreement
with the experimental results, both for the transient and
the asymptotic regimes. While both fitness driven and ran-
dom mutations were shown to be needed, their relative
importance remains an open question. One should remark
that the calculations presented here are just a starting point
in the exploration of this complex biological system. In
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FIG. 3. Trajectories for mean fitness relative to the original

ancestor during 10 000 generations, in the BS + p model. Av-
erages from 1000 numerical simulations for p = 0.2 for N =
1500 (squares) compared with the data (solid circles) and their
best hyperbolic fit (line). See text for further details.
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particular, the existence of stasis regions, suggested by the
data, remains another open issue.
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Note added.— After completion of this work, we were
informed that a two-trait BS model was employed to de-
scribe E. coli data [12].
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