
Fractals

! ! "Clouds are not spheres, mountains are not cones, 
! ! coastlines are not circles, and bark is not smooth, 
! ! nor does lightning travel in a straight line."
! ! ! ! ! ! ! ! ! (Mandelbrot, 1983).

Fractals are mathematical point sets with fractional dimension.

Fractals are not simple curves in Euclidean space. A Euclidean 
object has integral dimension equal to the dimension of the 
space the object is being drawn in. If a Euclidean line connects  
2 points in 3-dimensions and also stays within a finite volume, 
then the length of the line is finite.

A fractal is a line that can stay within a finite volume, but 
still have an infinite length. This implies that it has a 
complex structure at all levels of magnification. In comparison,  
a Euclidean line will eventually look like a straight line at 
some magnification level.

To describe this property of a fractal, we need to generalize 
the usual concept of dimension.

The dimensionality D of a space is usually defined as the number  
of coordinates needed to determine a unique point in that space.  
When defined in this way, the only allowed values for D are the 
non-negative integers 0,1,2,3,... There are several ways that 
the concept of dimension can be redefined so that it still takes  
on non-negative integer values when considering the systems 
described above, but can also take on non-negative real number 
values.

We will adopt a simplified version of the "Hausdorff dimension" 
called the "box counting" or "capacity" dimension. In the box-
counting scheme, the dimension of an object is determined by 
asking how many "boxes" are needed to cover the object. Here the  
appropriate "boxes" for coverage are lines, squares, cubes, etc.  
The size of the boxes is repeatedly decreased and the dimension 
of the object is determined by how the number of covering boxes 
scales with the length of the side of the box.

	

 	

 fractal An irregular shape with self-similarity. It has 
! ! infinite detail, and cannot be differentiated. Wherever 
! ! chaos, turbulence, and disorder are found, fractal 
! ! geometry is at play.
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 fractal dimension A measure of a geometric object that 
! ! can take on fractional values. At first used as a synonym 
! ! to Hausdorff dimension, fractal dimension is currently 
! ! used as a more general term for a measure of how fast 
! ! length, area, or volume increases with decrease in scale.

The Concept of Dimension

So far we have used dimension in two senses:

¥ The three dimensions of Euclidean space (D=1,2,3)
¥ The number of variables in a dynamic system

Fractals, which are irregular geometric objects, require a third 
meaning:

In one dimension, we consider a line of length  ! . We need

! ! !  

1 box(a line) of length !

2 boxes of length ! / 2
............
2m boxes of length ! / 2m

............

If we define δm  = length of m th  box, then 
 
δm =  / 2m .

Thus, the number of boxes N(δm )  scales (grows) as 
 
N(δm) =  /δm .

In two dimensions, we consider a square of side   . We need

! ! !  

1 box(a square) of area 
2

4 boxes of area ( / 2)2

............

2m boxes of length ( / 2m )2

............

Thus, the number of boxes N(! m)  scales (grows) as 
 
N(δm) = ( /δm)

2 .

Generalizing to D integer dimensions, we have

! ! !  
N(! m) =

!
! m

"

#$
%

&'

D

Now to do some algebra
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! !  

log(N(δm)) = log


δm

⎛
⎝⎜

⎞
⎠⎟

D

= D log 

δm

⎛
⎝⎜

⎞
⎠⎟
= D log() − D log(δm)

D =
log(N(δm))

log() − log(δm)
We then define the dimension D by

! !  

D = lim
m→∞

log(N(δm))
log() + log(1 /δm)

As m→∞ , 
 
log()  becomes negligible compared to other terms and we  

have

! !
D = lim

m! "

log(N(#m ))
log(1/#m )

= lim
$! "

log(N($))
log($)

where N(! )  = the number p-dimensional cubes of side !  needed to 

completely cover the set.

This is the Hausdorff or fractal dimension D of a set of points 
in a p-dimensional space.

Examples

(1) A single point: only one cube is required. This means that  

    N(ε) = 1→ log(N(ε))→ D = 0  as expected.

(2) A line of length   :
! The number of cubes of side !  required = number of line 
! segments of length ε . Therefore,

! ! ! !  

N(ε) =


ε
! and

! !  

D = lim
ε→0

log 
ε

⎛
⎝⎜

⎞
⎠⎟

log 1
ε

⎛
⎝⎜

⎞
⎠⎟
= lim

ε→0

log 1
ε

⎛
⎝⎜

⎞
⎠⎟ + log ( )

log 1
ε

⎛
⎝⎜

⎞
⎠⎟

= lim
ε→0

1+
log ( )
log 1

ε
⎛
⎝⎜

⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= 1

! as expected.

(3) A square of area  !
2 :

! The number of cubes of side ε  required = number of squares 
! of side ε . Therefore,
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! ! ! !  

N(! ) =


2

! 2

! and

! ! !  

D = lim
! " 0

log ! 2

! 2
#

$%
&

'(

log 1
!

#
$%

&
'(

= lim
! " 0

2 log 1
!

#
$%

&
'(

+ log ! 2( )

log 1
!

#
$%

&
'(

= lim
! " 0

2 +
log !( )

log 1
!

#
$%

&
'(

#

$

%
%
%

&

'

(
(
(

= 2

! as expected.

So this definition of dimension works for Euclidean objects and 
clearly makes sense.

An alternative way to think about it.

The Hausdorff Dimension

If we take an object residing in Euclidean dimension D and 
reduce its linear size by 1/r in each spatial direction, its 

measure (length, area, or volume) would increase to N = rD  times 
the original. This is pictured in the next figure.

! !

We consider N = r D , take the log of both sides, and get 

log(N) = D log(r ) . If we solve for D we get
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! ! ! ! !
D =

log(N )
log(r)

The point: examined this way, D need not be an integer,  
as it is in Euclidean geometry. It could be a fraction,  
as it is in fractal geometry. This generalized 
treatment of dimension is named after the German 
mathematician, Felix Hausdorff. It has proved useful 
for describing natural objects and for evaluating 
trajectories of dynamic systems.

The length of a coastline

Mandelbrot began his treatise on fractal geometry by considering  
the question: How long is the coast of Britain? 

The coastline is irregular, so a measure with a straight ruler, 
as in the next figure, provides an estimate. The estimated 
length L, equals the length of the ruler, s, multiplied by the 
N, the number of such rulers needed to cover the measured 
object. In the next figure we measure a part of the coastline 
twice, the ruler on the right is half that used on the left.

But the estimate on the right is longer. If the scale on the 
left is one, we have six units, but halving the unit gives us 15  
rulers (L=7.5), not 12 (L=6).  If we halved the scale again, we 
would get a similar result, a longer estimate of L. In general, 
as the ruler gets diminishingly small, the length gets 
infinitely large.

The concept of length, begins to make little sense. 
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(4) The Cantor Set:

!
In the above diagram, points in the interval (0,1) are tracked 
for 4 iterations. On the 1st iteration, the middle third of the 
points leave the interval (0,1). The middle thirds of the two 
ÒinÓ segments leave the interval and so on. The bottom row(after  
infinite iterations) is the Cantor set. 

The Cantor set has some stunning properties. For one thing, in 
the infinite limit it has zero measure (it is the empty line). 
But the set is far from empty, in fact, it has an uncountable 
number of points.

To cover the set at step K we need

! ! ! !
N(K ) = 2K cubes of side ε = 1

3
⎛
⎝⎜

⎞
⎠⎟
K

Therefore,

! ! !

D = lim
K→∞

∞
log 2K( )

log 1
3

⎛
⎝⎜

⎞
⎠⎟
K⎛

⎝⎜
⎞

⎠⎟

= lim
K→∞

K log 2( )
K log 3( ) =

log 2( )
log 3( ) = 0.631

The dimension is not an integer!
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(5) The Koch Snowflake : The Koch curve is constructed by 
recursion as exhibited in the top two parts of the figure. At 
each step the middle-third of each segment is replaced with a 
"V" shaped bulge. This curve turns out to have infinite length, 
while enclosing (together with its natural base: the original 
line segment) a finite area. Run EFS Koch Snowflake.

We begin with a straight line of length 1, called the initiator.  
We then remove the middle third of the line, and replace it with  
two lines that each have the same length (1/3) as the remaining 
lines on each side. This new form is called the generator, 
because it specifies a rule that is used to generate a new form.

The rule says to take each line and replace it with four lines, 
each one-third the length of the original.

! !
L = 1 , #(L) = 1  , total length = 1

L = 1/3 , #(L) = 4  , total length = 4/3

L = (1/3) 2 , #(L) = 4 2 , total length = (4/3) 2
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L = (1/3) 3 , #(L) = 4 3 , total length = (4/3) 3

L = (1/3) 4 , #(L) = 4 4 , total length = (4/3) 4

L = (1/3) 5 , #(L) = 4 5 , total length = (4/3) 4

The dimension is given by

! ! !

D = lim
n! "

log 4n( )
log 1

3
#
$%

&
'(

n#

$%
&

'(

= lim
n! "

nlog 4( )
nlog 3( )

=
log 4( )
log 3( )

=1.26........
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Clearly, the final length of the fractal line

! ! ! ! !
lim
n→∞

4
3

⎛
⎝⎜

⎞
⎠⎟
n

→∞

is infinite even though it stays within a finite area of the 
2-dimensional Euclidean plane.

Sierpinski Triangle

Constructing the Sierpinski triangle by iteration:

! ! !

! ! !

! ! !
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Calculating the dimension.

! ! ! D = log(N) / log(r ) = log(3) / log(2) = 1.585

This time we get a number between 1 and 2.

Full image:

! !
IFS Fractals 

One method of generating fractals is to choose dilation and 
translation transformations at random. Say, for example, that we  
adopt the iterative dilation/translation map given by:

! ! !

xn+1

yn+1

⎛
⎝⎜

⎞
⎠⎟
=

a b
c d

⎛
⎝⎜

⎞
⎠⎟
xn
yn

⎛
⎝⎜

⎞
⎠⎟
+

e
f

⎛
⎝⎜

⎞
⎠⎟

xn+1 = axn + byn + e
yn+1 = cxn + dyn + f

where the [a,b,c,d] dilation matrix and the [e,f] translation 
vector are chosen randomly. A fern can be generated using the 
matrix choices:
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a b c d e f prob.

0.0 0.0 0.0 0.16 0.0 0.0 0.01

0.85 0.04 -0.04 0.85 0.0 1.6 0.85

0.20 -0.26 0.23 0.22 0.0 1.6 0.07

-0.15 0.28 0.26 0.24 0.0 0.44 0.07

Run fern.m

! !
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Run EFS Fern I and Fern II

Run sierpinski.m

Run barnsley.m. Run EFS Sierpinski Arrowhead

Run BeechBranch, Bush, ElmBranch, Plant, Tree 1, Tree 2, Tree 3
    Koch Snowflake, 

Complex Maps

To see the self similar nature of fractals even more 
dramatically we now study 2-dimensional complex maps. In 
particular we look at the Mandelbrot fractal boundary and the 
cube roots of 1 via NewtonÕs rule(called the Newton attractor).

Mandelbrot Sets

The key mapping is a quadratic map given by:

! ! ! ! zn+1 = zn
2 + c

where the zn  are complex numbers and c is a complex parameter. It  

turns out that if zn > 2  further iteration of this quadratic map 

is unbounded, i.e., for different values of c, the trajectories 
either
! ! ! ! stay near the origin
! ! ! or
! ! ! ! escape
When calculations are done we stop the iteration when this 
condition is satisfied.

When investigating these maps, one iterates the equation as 
follows:

(a) start with a complex value for c inside a rectangular 
    boundary
(b) iterate the equation until either

! ! (1) zn > 2 or

! ! (2) a preset number of iterations is exceeded

In case (1) color the starting point (c) in red. In case 92) 
leave the point (c) black.
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The boundary between the two regions is the Mandelbrot fractal 
as shown below. 

Alternately, in case (1) color the starting point (c) by the 
number of iterations it took to escape. In case (2) leave the 
point (c) a single color (say dark blue).

The boundary between the two regions is still the Mandelbrot 
fractal as shown below, but a wide variety of spectacular images  
can be generated by a clever choice of colormap.
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! !
or choosing a different colormap(no change in information) we 
get
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! !
Run Complex Explorer for colormaps and zooming.

If we zoom far enough we will see the entire repeating itself as  
all fractals do since they are self-similar.

So what is a fractal?

! ! It is an irregular geometric object with an
	

 	

 infinite nesting of structures at all scales

Why do we care about fractals?

! ¥ natural objects are fractals
! ¥ chaotic trajectories (strange attractors) are fractals
! ¥ assessing the fractal properties of an observed time 
!   series is informative
! ¥ complex systems that self-organize will have self-similar 
!   behavior at all scales
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! ! complexity While, chaos is the study of how simple 
! ! systems can generate complicated behavior, complexity 
! ! is the study of how complicated systems can generate 
! ! simple behavior. An example of complexity is the 
! ! synchronization of biological systems ranging from 
! ! fireflies to neurons.

	

 	

    complex system Spatially and/or temporally extended 
! !    nonlinear systems characterized by collective properties 
! !    associated with the system as a whole--and that are 
! !    different from the characteristic behaviors of the 
! !    constituent parts.

Cube Roots of 1

Another interesting map is called the Newton attractor. In this 
case one starts with an equation like

! ! ! ! ! z3 ! 1= 0
which is to be solved via the classical Newton iteration method 
for finding zeroes:

! ! !

z3 −1= 0 = f (z)

zn+1 = zn −
f (zn )

df (zn ) / dz
= zn −

zn
3 −1
3zn

2 =
2
3
zn +

1
zn

2

In this case one starts with some initial complex point z0 . One 
then iterates until the answer stops changing (converges to one 
of the three complex roots of 1). One might assume that the 
plane will divide up into three pie shaped wedges such that all 
starting points in a given wedge are closest to one of the three  
roots(in its basin) and eventually end up at that closest root
(the basin attractor). In fact, this does not happen. The 
boundaries of the wedges are "nibbled" at by intertlaced basins 
of attraction for all the roots producing a complex fractal 
boundary as shown below.
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If we zoom in on the boundary we see the complex self-similar 
structure of the fractal strange attractor making up the 
boundaries between the basins as shown below.
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! !

! !
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Complexity (first pass about ideas)

While chaos is the study of how simple systems can generate 
complicated behavior, complexity is the study of how complicated  
systems can generate simple behavior.

Complex systems are spatially and/or temporally extended 
nonlinear systems characterized by emergent collective 
properties.

Cellular Automata

What they are

! ¥ grid of 0-1 cell values (N cells total)
! ¥ simple rule (about altering cell status) applied to each      
!   cell, simultaneously - iterated in time
! ¥ rule depends on status of neighbors

Game of Life

NxN matrix of cell values (that can be real or imaginary values)  
that change over time according to 

! (1) the status of neighbors (or  connected cells, or some 
! ! external condition) 
and 
! (2) some rule, which can be global (as here) or local. This        
! ! system evolves over time.
Rules
! ¥ Number Neighbors >3 ->0 (overcrowding)
! ¥ Number Neighbors <2 -> 0 (loneliness)
! ¥ Number Neighbors =2 retain current state
! ¥ Number Neighbors  =3 ->1 (staying alive or birth)
These systems have attractors
! ¥ static states -  fixed point
! ¥ periodic states - limit cycles
! ¥ nonperiodic states ( chaotic or strange attractor)

Genetic Algorithms
! ¥ Approach: GA cell values: not species member, but                
!   genotypes.
! ¥ Goal: system that learns.
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Self-organized complexity

Sandpile Model
! ¥ NxM cells, each with height h ("grains")
! ¥ one cell chosen randomly and h increased by 1
! ¥ iterated
! ¥ if cell h >z, 1 "grain" passed to each neighbor (updated)
! ¥ avalanche have size s (number of cells updated)
! ¥ continue iteration and count frequency, D(s) of each s
! ¥ Result: log[D(s)] is power law of log(s)

When this occurs it illustrates self-organized criticality.
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