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Modelling avalanche flows
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We present a lattice model that illustrates avalanche flow in a driven, disordered system.
Structural disorder is associated with rectangular grains that have orientational degrees
of freedom. Grain orientation transitions couple the evolving disorder with surface
instabilities. The simulated event size distribution has features in common with observed
surface granular flow and, in contrast to previous sandpile models, does not have a simple
scaling behaviour. We have identified properties of the sandpile surface that correlate
with the internal structural disorder. The simulation results support a model of granular
dynamics in which surface flow and granular relaxation processes are strongly coupled.
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1. Introduction

An avalanche is an unstable collective motion of densely packed particles down a sloping
surface. During an avalanche the particle motions are strongly cooperative; in part this
is because flowing grains repeatedly transfer momentum in particle—particle collisions
but, overwhelmingly, it is because the stability criteria, of particles in static close packed
assemblies, are intimately related. Thus an apparently small event that causes a single
particle, or a small group of particles, to become unstable may initiate a large chain
of connected events that amplify the initial disturbance to cause a very large number
of interconnected grain movements or an ‘avalanche’. However, in general, granular
dynamics is strongly dissipative so that, in contrast, many initial disturbances, in static
assemblies of grains, have relatively little effect and rapidly fade away. This combination
of diverse behaviours, in a granular system that is continually subject to external driving
forces, appears as an intermittent series of discrete dynamic events that is called avalanche
flow. Thus a pile of sand that is slowly tilted at the base, or delicately sprinkled with
additional grains, responds by reorganizing its grains often individually, or in small groups,
but occasionally over large portions of the pile at the same time. Most visibly each set of
reorganizations appears as a flow of grains down the surface, an avalanche, but internal
reorganizations may also be a part of each event.

It is difficult to include the full microscopic details of granular mechanics into models
representing avalanche flows. This is because both the nature of particle contact forces
and the load bearing response of complex, disordered, granular structures are not fully
understood; in addition avalanches, by definition, include very large scale behaviour and
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therefore they involve very many particles. Continuum modelling, which is a valuable
tool in many areas of granular materials science, is not able to include the highly non-
linear, discontinuous, effects that occur in avalanche flows. This situation promotes the
use of computationally efficient, well characterised, lattice models to highlight the nature
of the collective responses in many particle systems and to examine, qualitatively, the
impact of microscopic (particulate) variables on the large scale behaviour. In this respect
we will use a one-dimensional lattice model of a granular pile to explore the way
that internal and surface granular disorder, and the associated granular reorganization
processes, influence (and are reflected by) the flow of very large avalanches down a sloping
surface. In fact lattice models of sandpiles have two distinct roles; firstly, as here, they
act as prototype models, for real granular materials, that indicate areas in which discrete
particle simulations should be developed. Secondly, following an initial illustration by
Bak er al. (1988), sandpile models have become an established framework that can be
used to explore very general dynamic behaviour of extended, dissipative, multi-particle
systems. This second aspect, which centres on the self-organization, universality and
scalings that appear in complex multi-component dynamic systems has been applied to
many areas of science, including biodiversity (Sole et al., 1997), earthquake mechanics
(Carlson & Langer, 1989), traffic flows and economics (Buchanan, 1997), and then the
model no longer, literally, represents a pile of grains. We have previously described some
of the universality and scaling behaviour of a one-dimensional, disordered, model sandpile
(Mehta & Barker, 1994). Here we concentrate on the use of this model to portray internal
granular reorganizations and associated surface flows.

Avalanche flow of granular material is highly significant in many of the solids handling
operations that are associated with the food, pharmaceutical, ceramics, plastics and energy
industries. Avalanche flows occur not only on the surface of granular piles, that are
traditionally used as ‘stockpiles’ in bulk solids handling, but also on the surface of moving
beds, such as those in axially rotating drums that are used as dryers and mixers. Avalanche
flow also occurs in the kinetic layer of inclined chutes, that are commonly used in powder
delivery systems, and on the periodic downslopes of, extended, supported conveyor belts
used for solids transport. In each of these cases the chaotic nature of the avalanche flow,
combined with the complex interaction between the surface transport and the particulate
composition variables, leads to material behaviour that is uncertain and therefore difficult
to control. Thus, for example, avalanche flow on the surface of a building pile leads to
stratification and segregation of distinct particle sizes or shapes (e.g. Baxter et al., 1998).
Hence, for granular piles, avalanche flows compound the difficulties, which are normally
associated with estimating the composition of a powder mixture from a small number of
finite samples taken at the surface. Similarly uncontrollable failures associated with the
propagation of large avalanches down inclined surfaces are a major constraint on process
design for gravity transportation of bulk solids. These instabilities, which are strongly
linked to particle parameters and to quasi-static, subsurface, structure relaxations (Walton,
1993), occur under a wide range of operating conditions and may dominate product quality
and process safety considerations. The minimum conditions required for controlled, steady,
granular flow on an inclined surface, i.e. flow suitable for a particulate discharge or delivery
system (David , 1997), can be identified from the details of the corresponding, limiting,
intermittent, avalanche flow regime. In many practical situations, such as granular flow
down an inclined chute, the separation of avalanche flows into series of discrete events
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is blurred but exceptionally large avalanches (‘flushing flow’) can invariably be identified
and they are usually detrimental. In manufacturing applications, which aim to maintain
controlled flow, indicators of these instabilities, and corrective practices, are eagerly sought
in order to avoid expensive flow monitoring systems and operational downtime.

The size of an avalanche can be measured in many different ways. These include
the amount of mass flow, the number of grains that take part, the maximum amount
of kinetic energy that is released and the volume of noise made by particle collisions.
However, in general and irrespective of the measure, avalanche flows are unpredictable.
Thus whilst some large events are known to occur, and in many cases it is possible to
estimate their expected frequency, there are, apparently, no clear signals, in the time series
of events, that indicate that a large event is imminent. Qur investigation of a disordered
lattice model sandpile explores whether the evolving granular structure, both internally
and at the surface, contains information relating to the dynamic events. The connection
between granular structure and particle dynamics, sometimes called ‘memory’, originates
with the strongly irreversible nature of granular relaxation mechanisms. That is the events
that precede the stabilization of particles in a granular assembly become reflected by
the statistics of the local, static, granular configurations. This view has previously been
supported by discrete particle simulations e.g. (Barker & Mehta, 1992, 1993). In addition
particulate simulations show that the local granular ordering, in terms of particle sizes and
their relative positions, also determines the nature of subsequent structural relaxations and,
therefore, may be expected, in turn, to influence avalanche flows. The one dimensional
lattice model of sandpile avalanches highlights this complex behaviour. Recently (Frette et
al., 1996) have used rapid photographic observations of avalanches in piles of rice grains
to illustrate the connections between surface flow behaviour and local structural ordering.

In section two we introduce lattice model sandpiles and illustrate avalanche flow. In
section three we examine the configurations of a model of a disordered pile, in terms of
internal grain ordering and in terms of surface irregularities, with respect to the sequence
of avalanche events. The report concludes with a discussion of the results and indicates
other aspects of granular materials behaviour for which large scale relaxation processes,
like avalanches, are important.

2. Lattice model sandpiles

The simplest, non-trivial, lattice model of a sandpile can be built from unit square grains
stacked on top of each other in columns. The columns are labelled by index i = 1, L
where L is the size of the pile. At any moment in time the number of grains in column i
is equal to the height of the column, z;. The slope of the pile, at column i, is defined by
the difference s; = z; — z;—1. The slope of the first column, s1, is defined by imagining a
fictitious column, at site 0, such that zo = 0. Finally the column i is considered unstable if
its slope exceeds a threshold slope, s*, and, in this case, two grains from column i ‘flow’
onto column i — 1. This motion reduces the slope at i but, simultaneously, increases the
slopes ati — 1 and i + 1; these columns may become unstable as a result and further flow,
down the pile, may follow. In practice the value of the threshold slope is unimportant and
here s* = 2 throughout. Grains which pass from column 1 exit the system and do not
change the condition of column 0. The pile is driven by adding grains, one at a time,
onto the columns at random. Addition of a grain at column i will increase the height
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and slope at ¢; if, as a result, column i becomes unstable all the resulting height changes
that follow are completed before another grain is added. Each set of grain reorganizations
represents an avalanche and the sequence of events represents avalanche flow. The pile
can be initiated from a flat base (z; = 0, i = 1, L) and its behaviour can, conveniently,
be represented by the time series of the number of grains that occupy sequential, stable,
pile configurations; then one measure of avalanche sizes is expressed by the corresponding
series of differences.

This sandpile model has been studied extensively, (Kadanoff et al., 1989), and the time
series of events has a characteristic fluctuating, self-similar, form with large and small
avalanches interspersed, apparently, chaotically. The probability density, n,(N, L), for
avalanches of size N, in a pile of size L, varies smoothly with N and is well described
by the scaling form

ne(N,L)~ L™P f(N/L") 2.1

with 8 ~ 1.48 and v ~ 0-74. A typical distribution function, for 107 consecutive events
that occur in the steady state of a pile with L = 256, is shown in Fig. 1. In fact many
varieties of lattice model sandpile, qualitatively similar to that described above, have
been shown to have similar, scaling, behaviour. This evidence may be interpreted, quite
generally, as the absence of a dominant length scale in these model sandpiles. The time
series displays the absence of any special events and the distribution function expresses an
even weighting modified only by the accessibility of certain event sizes for particular pile
sizes.

However actual observations of granular avalanche flows in experimental sandpiles
reveals fundamentally different results (Jaeger et al., 1989; Held et al., 1990). These
results show that small experimental systems have relatively size independent behaviour
that is like the behaviour of a lattice model sandpile but larger sandpiles are different. In
the larger systems the avalanches in a particular size range occur more frequently than
expected and appear quite regularly. There have been many suggestions concerning the
origin of the differences between lattice model piles and real sandpiles, e.g. (Ding et al.,
1992). The idea we explore below concentrates on granular disorder, and internal structural
reorganizations, and their influence on the initiation, propagation and structural legacy of
avalanche flow. This exploration employs a lattice model of a sandpile that, although it is
relatively sophisticated, is clearly, and continuously, connected to the more familiar model
sandpiles described above.

3. Lattice model sandpiles with disorder

The lattice model sandpiles described in Section 2 are totally ordered; that is the piles are,
internally, uniform and the local slopes, s;, are the only relevant variables. In contrast real
sandpiles are made from random close packed, irregular, grains. Real sandpiles have many
degrees of freedom associated with the configurations of, close packed, sand grains that are
not reflected by the set of local slopes that fully describe a simple lattice model sandpile.
In order to express these additional degrees of freedom, in the framework of lattice model
sandpiles, we have built piles with grains that are rectangular with aspect ratio o < 1.
Each grain still occupies a single column, which has unit width, but the grain may have
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F1G. 1. Distribution functions, ny (N), for the avalanche sizes, N, in lattice model sandpiles with L = 256; (a)
an ordered pile (b) a disordered pile with ¢ = 0-7, z9 = 2, z; = 20 and ¢; = 0-5. Each distribution function
is obtained from 107 consecutive events during steady state avalanche flow. The distribution function for the
disordered pile has been shifted upwards by 1-5.

one of two orientations. On its side a grain contributes only « to the column height but
fills the column width and on its end a grain contributes unit height but simultaneously
includes empty volume, 1 — «, into the column; these orientations are labelled ‘0’ and ‘1’
respectively. The incoming grains in column i may initiate either grain reorientations in
column i or grain flow from column i or both. When a grain is deposited all the grains in
the same column may change their orientation with transition probabilities

TO— > 1) ~e @) T(1- > 0) ~ e~ @/

that decrease exponentially with the depth, d, of the grain below the point of deposition.
Two scale heights, zo and z;, determine the relative ease with which the orientational
transitions may occur at a particular depth and these can, therefore, be used to express
assumptions concerning the stability of particular grain configurations. Below we will
assume that ‘0’ grains are more stable than ‘1’ grains and, accordingly, choose z90 < z1.
The orientational freedom of the grains in column i adds additional freedom to the height
and to the slope of column i. However the criterion for surface instability, and flow, are
as for ordered piles and grains do not change their orientation during flow down the pile.
Incoming grains have orientation ‘1’ with probability c;. A typical configuration, from a
disordered lattice model sandpile with L = 24, = 07,20 = z; = 2andc; = 05 is
shown in Fig. 2.

The population of grains, per unit length, with orientation 1 at depth d, n1(d), obeys a






