
Physics 113 ! ! ! ! !      Spring 2008
! !   Quantum Theory Seminar #9

Readings:
! ! ! Zettili - ! Chapter - 9 (pages 479-495)
! ! ! Boccio  - ! Chapter - 10 (pages 31-74)

This week we continue our study of time-independent perturbation  
theory and also look at the variational method.

Everyone Problems:

1. Z9-9 - xy perturbation of 3-dimensional oscillator

2. Z9-34 - variational method (first trial function only)

3. Spin-Oscillator Coupling  - Consider a Hamiltonian describing 
a spin-1/2 particle in a harmonic well as given below:

! ! ! !  
öH0 =

! !
2

ö" z + ! ! öa+ öa +1/ 2)( )

(a) Show that n ! " = n," , n ! # = n,#{ }  are energy eigenstates 

    with eigenvalues 
 
En,! = n! "  and 

 
E

n,!
= (n +1)! " , respectively.

(b) The states associated with the ground-state energy and the 

    first excited energy level are 0,↓ , 1,↓ , 0,↑{ } . What is(are) 

    the ground state(s)? What is(are) the first excited 
    state(s)? Note: two states are degenerate.
(c) Now consider adding an interaction between the motion and 
    the spin, described by the Hamiltonian

! ! ! !  
Ĥ1 =

! Ω
2

âσ̂ + + â+σ̂ −( )
    so that the total Hamiltonian is now öH = öH0 + öH1. Write a 

    matrix representation of öH  in the subspace of the ground 
    and first excited states in the ordered basis given in 
    part (b).
(d) Find the first order correction to the ground state and 
    excited state energy eigenvalues for the subspace above.
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4. Perturbed Oscillator  - Consider the system described by the 
Hamiltonian

! ! !
H =

p2

2m
+

m! 2

2"
(1# e#" x2

)

(a) Calculate an approximate value for the ground state energy 
    using first-order perturbation theory, perturbing the 
    harmonic oscillator Hamiltonian

! ! !
H =

p2

2m
+

m! 2

2
x2

(b) Calculate an approximate value for the ground state energy 

    using the variational method with a trial function ! = e" #x2 /2 .

    Assume that   ! << m" / !

5. First-Order Perturbation with Spins  - Let  
!
S1  and  

!
S2  be the 

spin operators of two spin-1/2 particles. Then

! ! ! ! !  


S =

S1 +

S2

is the spin operator for this two-particle system.

(a) Consider the Hamiltonian 
 
Ĥ0 = ! (Ŝx

2 + Ŝy
2 " Ŝz

2 ) / ! 2 . Determine its 

    eigenvalues and eigenvectors.
(b) Consider the perturbation öH1 = ! ( öS1x " öS2x) . Calculate the 

    eigenvalues in first-order perturbation theory.

Presentations:

1. Wigner-Eckart Theorem(Ben G) (Chapter 10 - pages 53-57)

Individual Problems:

1. Perturbed 3-Dimensional Oscillator (Faye)  - A particle of mass  
m is moving in the 3-dimensional harmonic oscillator potential

! ! ! !
V(x,y,z) =

1
2

mω 2(x2 + y2 + z2)

A weak perturbation is applied in the form of the function

! ! ! !  
! V(x,y,z) = kxyz+

k2

! "
x2y2z2

where k is a small constant. 

Calculate the shift in the ground state energy to second order 
in k.
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2. Helium from Hydrogen - 2 Methods(Emma)

(a) Using a simple hydrogenic wave function for each electron,        
    calculate by perturbation theory the energy in the ground 
    state of the He atom associated with the electron-electron 
    Coulomb interaction. Use this result to estimate the 
    ionization energy of Helium.
(b) Calculate the ionization energy by using the variational 
    method with an effective charge !  in the hydrogenic wave 
    function as the variational parameter. 
(c) Compare (a) and (b) with the experimental ionization energy

! ! !
Eion = 1.807E0 , E0 =

! 2mc2

2
, ! = fine structure constant

    You will need

! ! !  

! 1s(r ) =
" 3

#
exp($" r ) , a0 =


2

me2

d3r1%% d3r2

e$&(r1 +r2 )


r1 $

r2

=
20# 2

&5

    That last integral is very hard to evaluate from first        
    principles.

3. Hydrogen atom + xy perturbation(Chris) - An electron moves in  
a Coulomb field centered at the origin of coordinates. The first  
excited state (n=2) is 4-fold degenerate. Consider what happens 
in the presence of a non-central perturbation

! ! ! ! !
Vpert = f (r )xy

where f (r)  is some function only of r, which falls off rapidly as  

r ! " . To first order  this perturbation splits the 4-fold 
degenerate level into several distinct levels (some might still 
be degenerate).
 
(a) How many levels are there?

(b) What is the degeneracy of each?

(c) Given the energy shift, call it ! E , for one of the levels, 
    what are the values of the shifts for all the others?
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4. Rigid rotators in electric and magnetic fields(Erin)

(a)  Suppose that the Hamiltonian of a rigid rotator in a 
    magnetic  field is of the form

! ! ! ! !  
öH = A

öL2 + BöLz + CöLy

    Assuming that A,B >> C , use perturbation theory to lowest        

    nonvanishing order to get approximate energy eigenvalues.
(b)  Consider a rigid body with moment of inertia I, which is        
    constrained to rotate in the xy-plane, and whose Hamiltonian  
    is

! ! ! ! !
öH =

1
2I

öLz
2

    Find the eigenfunctions and eigenvalues (zeroth order 
    solution).
    Assume the rotator has a fixed dipole moment  

!
p in the plane.  

    An electric field  
!
!  is applied in the plane. Find the change  

    in the energy levels to first and second order in the field.

5. Particle in a spherical cavity with electric and magnetic 
fields(Sam)  - Consider a spinless particle of mass m  and charge 
e confined in spherical cavity of radius R, that is, the 
potential energy is zero for r < R and infinite for r > R.

(a) What is the grounds state energy of this system?
(b) Suppose that a weak uniform magnetic field of strength B is        
    switched on. Calculate the shift in the ground state energy.
(c) Suppose that, instead a weak uniform electric field of 
    strength ε  is switched on. Will the ground state energy 
    increase or decrease? Write down, but do not attempt to 
    evaluate, a formula for the shift in the ground state energy  
    due to the electric field.
(d) If, instead, a very strong magnetic field of strength B is 
    turned on, approximately what would be the ground state 
    energy?
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6. Second-Order Perturbation with Spin (Robert)  - Two spin-1/2 
particles, 1 and 2, have the unperturbed Hamiltonian

! ! ! ! !
öH0 = −A( öS1z + öS2z)

A perturbing Hamiltonian is brought to bear of the form

! ! ! ! !
öH1 = B( öS1x

öS2x − öS1y
öS2y )

(a) Calculate the eigenvalues and eigenvectors of H0 .

(b) Calculate the exact eigenvalues of H0 + H1.

(c) By means of perturbation theory, calculate the first- and 
    the second-order shifts of the ground state energy of H0 , as  

    a consequence of the perturbation H1 . Compare these results 

    with those of (b).

7. Relativistic Correction for Harmonic Oscillator(Al) - A 
particle of mass m moves in a 1-dimensional oscillator potential

! ! ! !
V (x) =

1
2
m! 2x2

In the nonrelativistic limit, where the kinetic energy and the 
momentum are related by

! ! ! !
T =

p2

2m

the ground state energy is well known to be 
 
E0 =

1
2

! ! .

Relativistically, the kinetic energy and the momentum are 
related by

! ! ! T = E ! mc2 = m2c4 + p2c2 ! mc2

(a) Determine the lowest order correction to the kinetic energy 
    (a p4  term).

(b) Consider the correction to the kinetic energy as a 
    perturbation and compute the relativistic correction to the 
    ground state energy.

8. Hydrogen in electric and magnetic fields(Ben P) - Consider 
the n=2 levels of a hydrogen-like atom. Neglect spins. Calculate  
to lowest order the energy splittings in the presence of both 
electric and magnetic fields 

 
!
B = Böez ,

!
! = ! öex .
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9.  Motion in spin-dependent traps(Eric)  - Consider an electron 
moving in one dimension, in a spin-dependent trap as shown 
below:

If the electron is in a spin-up state (with respect to the 
z-axis), it is trapped in the right harmonic oscillator well and  
if it is in a spin-down state (with respect to the z-axis), it 
is trapped in the left harmonic oscillator well. The Hamiltonian  
that governs its dynamics can be written as:

! !
öH =

öp2

2m
+

1
2

mωosc
2 (öz− Δz / 2)2 ⊗ ↑z ↑z +

1
2

mωosc
2 (öz+ Δz / 2)2 ⊗ ↓z ↓z

(a) What are the energy levels and stationary states of the 
    system? What are the degeneracies of these states? Sketch an  
    energy level diagram for the first three levels and label 
    the degeneracies.
A small, constant "transverse field" Bx  is now added with

! ! ! !  
µBBx << ! osc

(b) Qualitatively sketch how the energy plot in part (a) is 
    modified.
(c) Now calculate the perturbed energy levels for this system
(d) What are the new eigenstates in the ground-state doublet? 
    For ! z  macroscopic, these are sometimes called Schrodinger 
    cat states. Explain why.

10. n=3 Stark effect in Hydrogen(Margaret)  - Work out the Stark 
effect to lowest nonvanishing order for the n=3 level of the 
hydrogen atom. Obtain the energy shifts and the zeroth order 
eigenkets.

! z

" z # z|    �« |    �«
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