
Physics 113 ! ! ! ! !      Spring 2008
! ! ! Quantum Theory Seminar #1

This week we both review and learn some new aspects of the 
mathematical language of quantum mechanics . Much of this work is  
a review of mathematics you learned in linear algebra. Learning 
the language of quantum mechanics BEFORE studying quantum 
mechanics is important. 

For the first four seminars everyone will have either a problem 
presentation or a general presentation(possibly with 
illustrative problems) in addition to EVERYONE problems. This 
will enable us to compress free two full seminars (compared to 
last year) so that we can cover advanced topics.

Readings:
! Review: !
! ! Zettili - Chapter - 2
! ! Boccio  - Chapter - 4 - pages 1-13,15-19,21-37
! !           Chapter - 5 - pages 1-5,9-12
! New:
! ! Boccio  - Chapter - 4 - pages 13-15,20-21,38-81
! !           Chapter - 5 - pages 5-9,12-26

QUESTIONS: To think about as you read the textbooks.

1. What is the physics meaning of the ket-bra sum n
n
! n = öI ?

2. What are the important properties of projection operators?

3. What is the relation between a bra-vector and a linear    
   functional?

4. What is the spectral decomposition(resolution) of an 
   operator?

5. Why is finding a complete set of commuting operators 
   important?

6. What happens to normalization in the case of a continuous 
   spectrum? What is the connection between normalization the 
   x-p ket-bra <x|p>?

7. What is the most important property of a Hermitian operator 
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   in quantum mechanics?

8. What is the most important property of a unitary operator in 
   quantum mechanics?

9. What is the real importance of Stone's theorem?

10. Whys is Bayes theorem so useful?

EVERYONE PROBLEMS (hand in at beginning of seminar; make copies 
of your solutions):

1. Operator Algebra  - An operator for a two-state system is 
given by

! ! ! !
Ĥ = a 1 1 ! 2 2 + 1 2 + 2 1( )

where a  is a number. Find the eigenvalues and the corresponding 
eigenkets. ! ! !

2. Functions of Operators  - Suppose that we have some operator öQ 

such that öQ q = q q  i.e., q  is an eigenvector of öQ with 

eigenvalue q .

Show that q  is also an eigenvector of the operators 

    
öQ2, öQn   and  e

öQ  and determine the corresponding eigenvalues.

3. Spectral Decomposition - Find the eigenvalues and 
eigenvectors of the matrix

! ! ! !

M =

0 1 0

1 0 1

0 1 0

!

"

#
#
#

$

%

&
&
&

Construct the corresponding projection operators, and verify 
that the matrix can be written in terms of its eigenvalues and 
eigenvectors. This is the spectral decomposition  for this 
matrix.

4. Measurement Results - Given particles in state

! ! ! !
α =

1

83
−3 1 + 5 2 + 7 3( )

where 1 , 2 , 3{ }  form an orthonormal basis, what are the possible 

experimental results for a measurement of 
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! ! ! !

öY =

2 0 0

0 3 0

0 0 ! 6

"

#

$
$

%

&

'
'

(written in this basis) and with what probabilities do they 
occur?

5. Determinants and Traces  - Let A  be an n ! n  matrix. Show that 
det(exp(A)) = exp(tr(A)) .

6. Function of a Matrix

(a) Let !

! ! !
A =

! 1 2

2 ! 1
"

#$
%

&'

Calculate exp(! A) , !  real.

(b) Zettili 2-50 2 x 2 Matrix Operator

PRESENTATIONS:(additional material beyond the reading is good)

(1) Linear Functionals - Discuss these important ideas that  
    everyone should have read about.
    Chapter - 4 - pages 13-15,20-21

(2) Extending Ideas to Infinite Dimensions - discuss these very  
    difficult ideas that everyone should have read about.
    Chapter - 4 - pages 38-67

(3) X- and P-Spaces  - Discuss these fundamental spaces that 
    everyone should have read about.
    Chapter - 4 - pages 72-81

(4) Bayesian Thinking - Discuss this alternate way of thinking    
    about probability.
    Chapter - 5 - pages 5-9,12-26
    Include two problems below.

    Bayes - Suppose that you have 3 nickels and 4 dimes in your   
    right pocket and 2 nickels and a quarter in your left 
    pocket. You pick a pocket at random and from it select a 
    coin at random. If it is a nickel, what is the probability 
    that it came from your right pocket? Use Baye's formula.
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    Psychological Tests  - Two psychologists reported on tests in  
    which subjects were given the prior information :

!   I = "In a certain city, 85% of the taxicabs are blue 
           and 15% are green"

    and the data :

!   D = "A witness to a crash who is 80% reliable (i.e.,
           who in the lighting conditions prevailing can
           distinguish between green and blue 80% of the
           time) reports that the taxicab involved in the
           crash was green"

    The subjects were then asked to judge the probability that   
    the taxicab was actually blue. What is the correct 
    answer? !

(5) Maximum Entropy  - One of the most powerful ideas in    
    statistical mechanics and probability theory.
    Chapter - 5 - pages 26-35
    Include two problems below.

    Berger's Burgers (Review of MaxEnt Method)  - A fast food    
    restaurant offers three meals: burger, chicken, and fish.   
    The price, Calorie count, and probability of each meal being  
    delivered cold are listed below:

Item Entree Cost Calories Prob(hot) Prob(cold)

Meal 1

Meal 2

Meal 3

burger $1.00 1000 0.5 0.5

chicken $2.00 600 0.8 0.2

Þsh $3.00 400 0.9 0.1

    We want to identify the state of the system, i.e., the  
    values of

! ! ! ! Prob(Burger)  = P(B)
! ! ! ! Prob(Chicken) = P(C)
! ! ! ! Prob(Fish)    = P(F)

    Even though the problem has now been set up, we do not know 
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    which state the actual state of the system. To express what 
    we do know despite this ignorance, or uncertainty, we assume  
    that each of the possible states Ai  has some probability of 

    occupancy P(Ai ), where i is an index running over the 

    possible states. As stated above, for the restaurant model, 
    we have three such possibilities, which we have labeled P
    (B), P(C), and P(F).

    A probability distribution P(Ai )  has the property that each 

    of the probabilities is in the range 0 ! P(Ai ) ! 1 and since the  

    events are mutually exclusive and exhaustive, the sum of all  
    the probabilities is given by

! ! ! ! !
1= P(Ai )

i
!

    Since probabilities are used to cope with our lack of 
    knowledge and since one person may have more knowledge than 
    another, it follows that two observers may, because of their  
    different knowledge, use different probability 
    distributions. In this sense probability, and all quantities  
    that are based on probabilities are subjective .

    Our uncertainty is expressed quantitatively by the 
    information which we do not have about the state occupied. 
    This information is

! ! ! !
S = P(Ai )

i
! log2

1
P(Ai )

"

#$
%

&'

    Information if measured in bits because we are using 
    logarithms to base 2.

    In physical systems, this uncertainty is known as the 
    entropy . Note that the entropy, because it is expressed in 
    terms of probabilities, depends on the observer.

    The principle of maximum entropy (MaxEnt) is used to 
    discover the probability distribution which leads to the 
    largest value of the entropy (a maximum), thereby assuring 
    that no information is inadvertently assumed.

    If one of the probabilities is equal to 1, the all the other  
    probabilities are equal to 0, and the entropy is equal to 0.

    It is a property of the above entropy formula that it has 
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    its maximum when all the probabilities are equal (for a 
    finite number of states), which the state of maximum 
    ignorance . 

    If we have no additional information about the system, then 
    such a result seems reasonable. However, if we have 
    additional information, then we should be able to find a 
    probability distribution which is better in the sense that 
    it has less uncertainty.

    In this problem we will impose only one constraint. The 
    particular constraint is the known average price for a meal 
    at Berger's Burgers, namely $1.75. This constraint is an 
    example of an expected value.

   (a) Express the constraint in terms of the unknown 
       probabilities and the prices for the three types of 
       meals.

   (b) Using this constraint and the total probability equal to 
       1 rule find possible ranges for the three probabilities 
       in the form

! ! ! ! !

a ≤ P(B) ≤ b

c ≤ P(C) ≤ d

e≤ P(F) ≤ f

   (c) Using this constraint, the total probability equal to 1 
       rule, the entropy formula and the MaxEnt rule, find the 
       value of P(B), P(C) and P(F) which maximize S.

   (d) For this state determine the expected value of Calories 
       and the expected number of meals served cold.

   In finding the state which maximizes the entropy, we found 
   the probability distribution that is consistent with the 
   constraints and has the largest uncertainty. Thus, we have 
   not inadvertently introduced any biases into the probability 
   estimation.
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   Extended Menu at Berger's Burgers - Suppose now that Berger's  
   extends its menu to include a Tofu option as shown in the 
   table below:

Entree Cost Calories Prob(hot) Prob(cold)

Burger

Chicken

Fish

Tofu

$1.00 1000 0.5 0.5

$2.00 600 0.8 0.2

$3.00 400 0.9 0.1

$8.00 200 0.6 0.4

   Suppose you are now told that the average meal price is 
   $2.50.

   Use the method of Lagrange multipliers to determine the state  
   of the system (i.e., P(B), P(C), P(F), and P(T)). 

   You will need to solve some equations numerically. ! !

PROBLEM PRESENTATIONS:

1. Probability
(a) An inexpensive electronic toy made by Acme Gadgets Inc. is 
defective with probability 0.001. These toys are so popular that  
they are copied and sold illegally but cheaply. Pirate versions 
capture 10% of the market and any pirated copy is defective with  
probability 0.5. If you buy a toy, what is the chance that it is  
defective?

(b) Patients may be treated with any one of a number of drugs, 
each of which may give rise to side effects. A certain drug C 
has a 99% success rate in the absence of side effects and side 
effects only arise in 5% of cases. However, if they do arise, 
then C only has a 30% success rate. If C is used, what is the 
probability of the event A that a cure is effected?

(c) Suppose a multiple choice question has c available choices. 
A student either knows the answer with probability p or 
guesses at random with probability 1-p. Given that the answer 
selected is correct, what is the probability that the student 
knew the answer?
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2. A 2-Dimensional Hilbert Space  - Consider a 2-dimensional 
Hilbert space spanned by an orthonormal basis ! , "{ } . Let us 

define the operators

!  

öSx =


2
! " + " !( ) , öSy =



2i
! " # " !( ) , öSz =



2
! ! # " "( )

(a) Show that each of these operators is Hermitian.

(b) Find the matrix representations of these operators in the 

    basis ! , "{ } .

(c) Show that 
 

öSx, öSy
!" #$= i! öSz , and cyclic permutations. Do this two 

    ways: Using the Dirac notation definitions above and the 
    matrix representations found in (b). Given these 
    commutators, how do you interpret these operators.

Now let ± =
1

2
! ± "( )

(d) Show that these vectors form a new orthonormal basis.

(e) Find the matrix representations of these operators in the 
    basis + , !{ } .

(f) The matrices found in (b) and (e) are related through a 
    similarity transformation  by a unitary matrix, U,
! !

! !
Ŝx
(↑↓) =U †Ŝx

(± )U , Ŝy
(↑↓) =U †Ŝy

(± )U , Ŝz
(↑↓) =U †Ŝz

(± )U

    where the superscript denotes the basis in which the 
    operator is represented. Find U and show that it is unitary.

Now let Ŝ± =
1
2

Ŝx ± iŜy( )
(g) Express öS±  as outer products in the basis ! , "{ }  and show 

    that öS+
  = öS! .

(h) Show that 

! ! !
öS+ ! = " , öS# " = ! , öS# ! = 0 , öS+ " = 0

    and find

! ! !
! Ŝ+ , " Ŝ+ , ! Ŝ# , " Ŝ#
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3. Bayes Rules and Gaussians - Let us consider a classical 
problem(no quantum uncertainty). Suppose we are trying to 
measure the position of a particle and we assign a prior 
probability function,

! ! ! !

p(x) =
1

2! " 0
2

e#(x# x0 )2 /2" 0
2

Our measuring device is not perfect. Due to noise it can only 
measure with a resolution ! , i.e., when I measure the position, 
I must put error bars on this. Thus, if my detector registers 
the position as y, I assign liklihood that the position was x to  
a Gaussian, 

! ! ! !
p(y | x) =

1

2! " 2
e#(y# x)2 /2" 2

Use Bayes theorem to show that, given the new data, I must now 
update my probability assignment of the position to a new 
Gaussian,

! ! ! !
p(x | y) =

1

2! " '2
e#(x# x ')2 /2" '2

where

!
x' = x0 + K1(y ! x0) , " '2 = K2" 0

2 , K1 =
" 0

2

" 0
2 + # 2 , K2 =

# 2

" 0
2 + # 2

Comment on the behavior as the measurement resolution improves.

4. Infinite Dimensions  - Let A  be a square finite-dimensional 

matrix (real elements) such that AAT = I .
    
(a) Show that

! ! ! ! AT A = I
(b) Does this result hold for infinite dimensional matrices?

5. Operator Power Series  - Let A  and B  be two n ! n . Assume that  

A−1  exists. Find the expansion of

! ! ! ! (A ! " B)! 1

as a power series in ! , where α  is a real parameter. HINT: set

! ! ! !
(A ! " B)! 1 = " n

n=0

#

$ Ln
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6. Things in Hilbert Space  - For all parts of this problem, let 
H be a Hilbert space spanned by the basis kets 0 , 1 , 2 , 3{ } , and 

let a and b be arbitrary complex constants. 

(a) Which of the following are Hermitian operators on H?

! !

1. 0 1 + i 1 0

2. 0 0 + 1 1 + 2 3 + 3 2

3. (a 0 + 1 )+(a 0 + 1 )

4. (a 0 + b* 1 )+(b 0 ! a* 1 )( ) 2 1 + 3 3

5. 0 0 + i 1 0 ! i 0 1 + 1 1

(b) Find the spectral decomposition of the following operator on  
    H:

! !
öK = 0 0 + 2 1 2 + 2 2 1 − 3 3

(c) Let !  be a normalized ket in H, and let Î  denote the 

    identity operator on H. Is the operator 

! ! !
B̂ =

1
2
( Î + ! ! )

    a projection operator?
(d) Find the spectral decomposition of the operator öB  from 
    part (c).

----------------------------------------------------------------
! ! 1st Seminar Individual Assignments

PRESENTATIONS (think 15 minutes)

1. Emma
2. Eric
3. Margaret
4. Ben P
5. Robert

PROBLEM PRESENTATIONS (think 10 minutes)

1. Chris
2. Al
3. Ben G
4. Sam
5. Markus
6. Erin
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