LabK Just Rel ax
Elliptic Partial D fferential Equations (PDES)

As exanples of elliptic PDEs we consider the Lapl ace,
Poi sson, and Hel mholtz equations. In Cartesian coordi nates,
the Lapl acian of a function is given by Vu=u,+u,. The three

equations are of the form
u,+u,=0 Laplace U, +U, =9d(Xy) Poisson

u, +Uu, + f(x,y)u=g(x,y) Helmholtz

It is often the case that the boundary values for the
functions g and f are known at all points on the sides of a
rectangular region R in the plane. In these cases, we can
use finite-difference techniques to solve the PDE

The Lapl ace D fference Equation
The formula for approximating f'(x) is obtained from

_ f(x+h)-2f(x) + f(x-h)
h2

f'' (x)

whi ch | eads to an approxi mation for the Laplacian given by

u(x+h,y) + u(x-h,y) + u(x,y + h) + u(x,y = h) = 4u(x, y)
Uy + Uy = H?

W assune that the rectangle R={(xy):0sx=<a,0sys<b where bla=mn}
I s subdivided into (n-)x(m-1) squares with side h where
a=nh,b=mh as shown bel ow
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To solve Lapl ace’s equation we inpose the condition
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u(x +h,y) +u(x = h,y) + u(x,y + h) + u(x,y - h) - 4u(x,y) _

h? 0

which is valid at all interior grid points (xy)=(x,y) for
i=234,..,n-1 and j=234,..m-1. The grid points are uniformy
spaced x_,=x+h,y,=y+h. W then get the 5-point difference
formula for Laplace s equation:

u. +U, +U ,+U _,—4u.
2 _ i+lj 1-1j ij+1 1j-1 j _
Vi, = He =0

This fornula relates u, to its four neighboring val ues
U,gi s Uy Uy U, @S Shown bel ow

Uij+1
n
= % -
Ui-1, -4uj Ui+1,j
| |
Ui j-1

Rearrangi ng we get the Lapl ace conputational fornula (for
the rel axati on net hod):

1
U; = Z[ui+lj U + U, + uij—l]

ij+

The Iterative Sol ution Mthod

Suppose that the boundary val ues u(x,y) are known at the
following grid points:
u; for 2<j=m-1 (ontheleft)
u, for 2=<i=n-1 (onthebottom)
u. for 2<j=m-1 (ontheright)
for 2=<i=n-1 (onthetop)

W can then wite our equation in formsuitable for
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iteration as

wher e

r. =

i [ui+1j U Uy U — 4uij]

NG

for 2<i<sn-1 and 2<j=m-1

Starting values for all interior grid points nust be
supplied. A good choice is the average of the (2n+2m-4)
boundary values (call it K). One keeps iterating until the

residual term v is reduced to zero (i.e., [[<e for all

interior grid points.

The speed of convergence for reducing all of the residuals
to zero is increased by using the nethod call ed successive
over-relaxation (SOR). The SOR nethod uses the iteration
formul a

uij=uij+a)rij
where the paraneter o lies in the range 1=w=<2. The
optimal choice for o is given by
4
=
JT JT 2
2+ |4-|cos + COS
\ -1 :

R b b b b b i b B i b b I b R S b i b

* Do exercises #57-#58 *

R b b b b i b B i b b S b R S b i b S

Poi sson’s and Hel mholtz’s Equati ons
The iterative fornulas for these two equations are:
U =U; +T;

where for Poi sson:

2
[ui+1j +U g + Uy, U —4U - h gij]

g

rij=

and for Hel mhol t z:
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. l|-ui+lj +U g + U, + U — (4= h? fiu; — hzgij]
o4 4-h*f,

In addition, we can develop a 9-point difference fornula,
whi ch greatly inproves the accuracy of the Lapl ace
conput at i on.

vV = Upgjoat Uyt U0 Uy, t 4ui+1j
! 6h?

+ 4ui_1j + 4uij+1 + 4uij—l - 20u”. 0

R b b b b b b i b b I I i b b i b i b b

* Do exercises #59-#60 *

R b b b b B b b i b b I I e b b i b i b b

Sanpl e Prograns --- Lapl ace Equation

function flal, x
return, 20
end

function fl a2, x
return, 180
end

function fl a3, x
return, 80
end

function fl a4, x
return, O
end

function d ch, a, b, h,tol, max1
X C

i ri
; Dirichlet solution to Laplace's equati on.
X fl1 1is a boundary function, input.
X f2 1is a boundary function, input.
; f3 is a boundary function, input.
X f4 1s a boundary unction, input.
; a s the wdth of [0 a], input.
; b Is the wwdth of [0 b], input.
X h Is the step size, input.
; tol is the tol erance, input.
; max1l is the maxi mum nunber of iterations, input.
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n = floor(a/h)+1
m = floor(b/h)+1
ave = (a*(fla1(0)+fla2(0)) $
+ b*(fla3(0)+fla4(0)))/(2.0*a+2.0*b)
U= ave*(fltarr(n, n+1.0)
for jj=0,m1 do begin
U(0,jj) = fla3(h*(jj-1))
Un-1,jj) = flad(h*(jj-1))
endf or
for 1=0,n-1 do begin
Uii,0) = flal(h*(i-1))
Ui,m1l) = flaz2(h*(i-1))
end
Uo,o) = (Yo,1) + yYi0)/2.0
uyo,mil) = (Yo, m2) + Yl m1l))/2.0
Un-1,0) = (Yn-2,0) + Yn-1,1))/2.0
Un-1,m1l) = (Un-2,ml1) + YUn-1, m2))/2
w=4.0/(2.0+sqrt(4.0-(cos(!pi/(n-1))+ os('pll(n}l)))AZ))
err = 1.0 &cnt =0
while ((err GT tol) AND (cnt LE nmax1l)) do begin
err = 0.0
for jj=1,(m2) do begin
for i=1,(n-2) do begin
rel x = (U(I,JJ+1)+U(I,JJ-1)+U(I+1JJ)+U(I 1,i1)-
4.0*U(i,jj))/4.0
Ui, jj) = Wi, jj) + relx
If (err LE abs(relx)) then begin
err=abs(rel x)
endi f
endf or
endf or
cnt = cnt+1
endwhi | e
return, U
end

pro | psol ve
; ELLI PTI C EQUATI ONS.
Dirichlet solution for the Lapl ace equation
Pl ace the endpoint of [0,a] in a.
Pl ace the endpoint of [O,b] in b.
Pl ace the step size in h.
Place the tolerance in tol.
; Pl ace the maxi mum nunber of iterations in nmaxl
a = 40&b = 40&h = 0.1
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tol = 0.001 & maxl = 25

; Proceedlng W th the iteration.
U = dirich(a, b, h,tol, max1)

surf ace, reverse(U 1)

end

Alternative Program (no functions + matrix shifts)

pro rel ax_exl, steps

;set potential array size
pin=fltarr (41, 41)

; set boundary val ues

pi n(0: 40, 0)=20+fltarr(41)

pi n(0: 40, 40) =180. O+fl tarr(41)

pi n(0, 0: 40) =t ranspose(80. O+fltarr(41))
pi n( 40, 0: 40) =t ranspose(0.O0+fl tarr(41))

b=pin NE 0.0
b(40, 0: 40) =t ranspose(1l+fltarr(41))
P=pI n
w ndow, xsi ze=410, ysi ze=410
| oadct, 37
for i1=1,steps do begin
print,i

p=0. 25*(shift(p,1,0)+shift(p,-1,0)+ $
shift(p,0,1)+shift(p,0,-1))
p=p*(1-Db) +pin
surface, reverse(p, 1)
endf or
end

pro relax_ex, steps

;set potential array size
pin=fltarr (41, 41)

; set boundary val ues

pi n(0: 40, 0) =20+f I tarr(41)

pi n(0: 40, 40) =180. O+fl tarr(41)

pi n(0, 0: 40) =t ranspose(80.0+fl tarr(41))
pi n( 40, 0: 40) =t ranspose(0.O0+fltarr(41))
b=pin NE 0.0

b(40, 0: 40) =transpose(1+fltarr(41))

p=pi n

w ndow, xsi ze=410, ysi ze=410

| oadct, 37

for 1=1,steps do begin
print,i

Page 6



p=0. 25*(shift(p, 1, 0)+shift
shift(p,0,1)+shift

p=p*(1-Db) +pin
pot =r ebi n(p, 410, 410)
tvscl, pot
pot =0

endf or

end

p,-1,0)+ $
P, ’-1))

NN

Random WAl k Sol uti on of Lapl ace's Equati on

The rel axati on nethod was based on the fact that the
sol ution of Laplace's equation in 2-dinensions at the point
(x,y) i's given by

V(xy) =3 S V0)

where V() is the value of the potential at the i" nearest

nei ghbor. W saw that this solution is equivalent to the

result that the potential at any point equals the average
of the potential on a sphere in

3-dinensions (circle in 2-di nensions) about that point.

This relation can be given a probabilistic interpretation
in terns of randomwalks, i.e., a "walk" in two di nensions
(in this case) where the probability of taking a step in
any direction is equal.

A sanmpl e random wal k programis shown bel ow

pro ranwal k

si ze=401
ar=intarr(size+10, si ze+10)
x=(size-1)/2

XSt =X

y=(size-1)/2

yst=y

L=1

ar(x,y)=100

wi ndow, O, titl e=' Random
Wal k' , xs=400, ys=400, xpos=100, ypos=100
| oadct, 37

for j=1L, 100000L do begin
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ch=r andonu( seed)

x=x+L*(ch LT .25 )

x=x-L*((ch GE.25) AND (ch LT .5))

y=y+L*((ch GE .5) AND (ch LT .75))

y=y-L*((ch GE .75) AND (ch LE 1.00))

j =) +100001L* (sqgrt((float(x-xst))"2 +(float(y-yst))"2) GT

200. 0)
i f (j LE 100000L) then begin
ar (x,y)=100
If ((j nmod 1000L) EQ O) then begin
tvscl, ar
endi f
endi f
endf or
end

Suppose that many random wal kers (drunks) are at the point
(x,y) and each wal ker "junps" to one of its four neighbors
(on a square grid) with equal probability p=1/4 . The above
rel ati on says that the average potential found by the

wal ker after junping one step is the potential at (xy).

The random wal k al gorithm for conputing the solution to
LaPl ace' s equation can be stated as:

[1] Begin at point (xy) where the value of the potential is

desi red, and take a step in a random direction.

[2] Continue taking steps until the wal ker reaches a
boundary (where we have a specified boundary val ue)
point i .

[ 3] Repeat steps [1] and [2] n tinmes and sumthe potenti al
val ues V,(i) found at the boundary each tine.

[4] The value of the potential at the point (xy) is
esti mat ed by

V() = = V()

where n is the total nunmber of random wal kers.

The di sadvantage of the randomwal k nethod is that it
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requi res many wal kers to obtain a good estimate of the
potential at each point. However, if the potential is
needed at only a small nunber of points, then the random
wal k met hod m ght be nore efficient than the rel axation

met hod which requires the potential to be calculated at all
points within the boundary.

R b b b b b b b i b i S b I I b b i b

* Do exerci se #61 *

R b b b b b b b i b i b b I I b b i b

Anot her case where the randomwal k nmethod is appropriate is
when the geonetry of the boundary is fixed, but the
potential in the interior for a variety of different
boundary potentials is needed. In this case the quantity of
Interest is

G(X, Y, X,,Y,) = number of time walker from point (X, y) reaches boundary point (x,,V,)

The randomwal k algorithmis equivalent to the relation
1
V(xy) = n Z G(X, s X5, Yo )V (X Vi)

where the sumis over all points on the boundary. W can
use the sane function G for different distributions of the
potential on a given boundary. G is an exanple of a Geen's
Functi on.

Page 9



